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The vector meson strong decays p — 7w, ¢ - KK, and K* — wK are studied within
the covariant, nonperturbative, rainbow-ladder truncation of the Dyson-Schwinger equa-
tions in Quantum Chromodynamics. The model gluon propagator has gluon confinement,
preserves the one-loop perturbative behavior of QCD, and contains an infrared enhance-
ment for the dynamical generation of large constituent quark mass. The quark propagators
are confined and produce a non-zero quark condensate in the chiral limit signaling dynami-
cal chiral symmetry breaking. The analytic continuation of the Dyson-Schwinger equations
are also studied. An expedient approach is used which modifies the gluon propagator in a
physically insignificant way but allows for contour integration along the positive real-axis.
Singularities are found that limit the Taylor expansion of quark propagators. We employ
a Taylor expansion of the quark propagators and compare the resulting light scalar and
vector meson masses and electroweak decay constants with solutions of the Bethe-Salpeter
equation resulting from direct analytic continuation of the quark propagators. Our results
show a convergence at second order in the Taylor expansion of the quark propagators and
provides meson masses and electroweak decay constants within a few percent of experi-
mental results. The 3-point decay amplitudes are studied in the impulse approximation
providing vector meson strong decays within 15% of experimental results. We study a
real-axis projection of the complex plane behavior of the quark propagators to obtain

axial-vector and exotic meson masses 400MeV too low.
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CHAPTER 1
Introduction

The underlying theory of quarks and gluons that make up hadrons is Quantum Chro-
modynamics (2, 3, 4]. Quantum Chromodynamics (QCD) is interesting because of the
coupling between quarks and gluons. Their unique coupling provides the two important
properties of confinement [5] and asymptotic freedom [6, 7] to quark and gluon interac-
tions. In the large momentum transfer (small quark separation) regime the quarks are very
weakly coupled to one another. This asymptotic freedom allows for the use of perturba-
tive techniques which are essentially expansions in the quark-gluon coupling. Because the
coupling is weak, perturbative Quantum Chromodynamics (pQCD) reproduces physical
observables at high energies (small separation). At low momentum transfer (large separa-
tion) the coupling is so large that quarks are never free and are thus confined to hadrons.
Therefore, nonperturbative techniques become essential in connecting hadron observables
to QCD.

Another important feature of QCD is that of dynamical chiral symmetry breaking. In
the chiral limit the current quark masses are zero and the QCD Lagrangian is globally
symmetric under the SUL(Ny) ® SUr(Ny) group where N is the number of quark flavors.
However, this symmetry is not shared by the ground state. The non-zero vacuum expecta-
tion value (gq) (also called the quark condensate) is the order parameter for the breaking
of the chiral symmetry. This dynamical chiral symmetry breaking (DxSB) provides two
important features of the light meson spectrum. First, the breaking of the chiral symme-
try is accompanied by the appearance of massless Goldstone bosons [8]. The pions fit this

description well because they have a nearly zero mass when compared to the next lightest
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mesons. Second, the coupling of the quarks provides an effective dynamical quark mass
that we associate with the empirical constituent quark masses of the hadron spectrum.

Since quarks and gluons are the constituents of mesons, the study of the meson spectrum
and meson decays is an important tool for understanding QCD in the nonperturbative
regime. The light pseudoscalar mesons are important because they are the Goldstone
bosons associated with dynamical chiral symmetry breaking. The ground-state vector
mesons are the next highest in mass and are the lowest spin excitations of the pseudoscalar
mesons. In addition, they play an important role in the coupling of electromagnetic waves
to hadrons via the vector meson dominance model. Furthermore, the strong decay of the
vector mesons into two pseudoscalar mesons is through a P-wave interaction that probes the
qq bound state wave functions in a way that the electroweak decays do not. In addition to
the pseudoscalar and vector mesons, there are the ground-state axial-vector mesons whose
masses start above 1 GeV and whose decay into two pseudoscalar mesons proceed via both
S and D-wave interactions.

One approach to nonperturbative QCD is through the Dyson-Schwinger equations.
The Dyson-Schwinger equations (DSE) [9, 10, 11, 12] are an exact, nonperturbative, and
Poincaré invariant set of integral equations relating the various n-point functions of a
theory to one another. The Dyson-Schwinger approach to QCD is consistent with quark
and gluon confinement [13, 14, 15, 16] and generates DxSB [17, 18] while satisfying the
one-loop renormalization group behavior of QCD [19].

The DSE’s are an infinite tower of coupled integral equations in the sense that a given
n-point function is dependent upon at least one m>n-point function. This dependency
on higher and higher n-point functions requires some truncation scheme of the Dyson-
Schwinger approach in order to obtain a tractable set of equations. One such truncation

scheme is the weak coupling expansion where the Dyson-Schwinger equations generate



all the Feynman diagrams obtainable in perturbation theory. Another commonly used
truncation scheme is the rainbow-ladder truncation of the Dyson-Schwinger quark self-
energy equation and the Bethe-Salpeter equation. The rainbow-ladder truncation scheme
is important both for its tractability as well as its preservation of the Ward identities
[20]. In particular, the satisfaction of the axial-vector Ward-Takahashi identity is crucial
in providing a model of QCD that respects dynamical chiral symmetry breaking [21].
The current approach follows after the tradition of modeling the form of the gluon
propagator and then solving the DSE’s for the quark propagator and the Bethe-Salpeter
amplitudes in the rainbow-ladder truncation. Because the propagators are directly related
by the DSEs, we are guaranteed that the Ward identities are preserved. This insures
both electromagnetic and axial current conservation. The development of modeling the
gluon propagator using the Dyson-Schwinger approach started with identifying a 1/¢*
dependence in the low momentum regime of the gluon propagator [22, 23]. It was believed
that this dependence was the main cause of confinement and DxSB [5]. With this in mind,
the first model used an integrable singularity in the form of a delta function [24]. This
model showed that an effective gluon with a simple infrared enhancement was capable of
successfully reproducing both the light meson spectrum and some heavier meson masses.
This work was followed up by [25, 26, 27] where three different infrared enhancements were
used in addition to some sort of 1/In[g?/A3 ¢ p] tail. In [25] two different gluons were used
both with the same asymptotic behavior consistent with the gluon at the 1-loop level. It
used a delta function as one of its enhancements and Ce=%” as the other. The work in [26]
used one gluon with a delta function plus Che**" + Cyk?e~%** plus a gluon consistent
with the renormalization group at the 2-loop level. Finally, [27] used only a Ck2e—ak’ plus
a tail at the 2-loop level. More work was done by [28] who used a delta function for its

infrared enhancement and a (1 — e‘“k2) /k?* term for its asymptotic behavior. This model



was quickly followed by [19] which is very similar to the model used in this work.

The focus of this work is twofold. First, the Euclidean metric used in this work and
in the literature requires knowledge of the quark propagators in the complex plane. In
particular, the on-mass-shell bound-state wave functions used to calculate meson masses,
electroweak decays, and strong decays requires an analytic continuation of the Euclidean
momentum. The domain in the complex plane in which information about the quark
propagators is needed increases with increasing meson mass. For light mesons such as
the pion and kaon, the domain of the complex plane needed is small and the required
analytic continuation of the Dyson-Schwinger equations is tractable. However, for heavier
mesons such as the vector and axial-vector mesons, the domain of the complex plane
is very large and the required analytic continuation of the Dyson-Schwinger equations
becomes computationally cumbersome. In addition, models of this genre can contain
complex conjugate singularities in the quark propagator that are encompassed by the
domain of integration of the BSE for meson masses above 1 GeV [28]. A more tractable
approach is to Taylor expand the quark propagators into the complex plane [27]. This
momentum expansion method is advantageous because it requires knowledge of the quark
propagators only along the real spacelike p? axis. However, comparisons of this method
with direct analytic continuation of the DSE’s have been missing in the literature. This
work was done in parallel with that of [1] where a direct analytic continuation of the quark
DSE was used for the solution of the Bethe-Salpeter equations of the light pseudoscalar
and vector mesons. The purpose of this work is to provide a justification of the momentum
expansion approach in order to use the Taylor-expanded quark propagators in a region of
the complex plane where direct analytic continuations of the DSE’s are impractical for the
calculation of the axial vector and exotic mesons.

The main focus of this work is to calculate the strong decays of the light vector mesons



into two pseudoscalar mesons. The idea of vector meson dominance in the Dyson-Schwinger
approach is that the quark-photon vertex is dominated by the propagation of an interme-
diate state p meson in the vicinity of the p mass shell. Thus, a nonperturbative approach
to calculating pion and kaon electromagnetic form factors should naively be expected to
generate the ¢, r, 9ok, and gx~x, coupling constants of the same quality. The impulse
approximation has been used in the Dyson-Schwinger approach to calculate the quark-
photon vertex [29] and pion and kaon electromagnetic form factors [30, 31]. The success
of these techniques is a clear indication that the impulse approximation should reproduce
the strong decays of light vector mesons without fine tuning of the model in [1].

In Chapter 2 we review the field theory of QCD and renormalization group behavior
at the one-loop level. We then review the Dyson-Schwinger equation for the quark self-
energy and the two-body bound-state Bethe-Salpeter equation. Next, we briefly discuss
how dynamical chiral symmetry breaking is observed in this approach. In Chapter 3 we
calculate the quark propagators along the real spacelike axis and show that an analytic
continuation into the complex plane requires a numerically cumbersome contour of integra-
tion in the complex plane. We discuss a physically insignificant change to the model that
allows for an analytic continuation of the quark momentum into the complex plane while
keeping the contour integration along the real axis and calculate the position of complex
conjugate singularities in the second and third quadrants of the complex plane that limit
the usefulness of the momentum expansion method. In Chapter 4 we calculate the masses
and electroweak decays of light pseudoscalar and vector mesons using the momentum ex-
pansion method. These results are compared with an exact analytic continuation of the
quark DSE. In Chapter 5 we calculate the p — 771, ¢ - KK, and K* — K7 strong decays
using the impulse approximation. In Chapter 6 we examine a new approach to calculating

the quark propagators in the complex plane using only the real argument of the quark



propagators and compare this with previous calculations. Finally, we calculate the mass
of the a; and b; axial-vector mesons and 7 and p exotic mesons. In Chapter 7 conclusions

are discussed.



CHAPTER 2
The Dyson-Schwinger Approach to QCD

2.1 Quantum Field Theory

The Minkowski space QCD Lagrangian density [32]

=~ (s = A a 1 a rrapy
(2.1) Locp = q(iy"0, —m) ¢ + QCIV“?qAM - ZFNVF :

is our starting point for QCD. The first term in Eq. 2.1 is the non-interacting term for
quark field ¢(z) where the quark flavor index is suppressed and the current quark mass,
m, is a diagonal 3x3 matrix for the up, down, and strange quark flavors. The second term
is the interaction Lagrangian between the quarks and gluon, Af(z). The superscript a
represents one of eight gluon color indices. The third term is the non-interacting gluon

Lagrangian where

(22) F — gh AW _ §¥ Aok + gfabcAbuAcu'

The A* matrices are the hermitian generators of the SU(3) Lie Algebra [33] where the trace

of the product of two of the generators of given by
(2.3) Tr [AA*] = 20a
and their commutation relation is given by

(2.4) (A%, AP] = 2ifobexe,

The QCD Lagrangian comes from demanding the invariance of the free quark La-
grangian density
(2.5) Lo = q(iv, 0" —m)q
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under the non-Abelian SU(3) local gauge transformations

(2.6) q(z) — e 9 X2 ()
and
(2.7) q(z) — q(z)e " N/

of the quark fields and
(2.8) Al(z) — A%(z) — 8,0%(x) + gf 0" () A% (2)

of the gluon field. See Chapter 3, pages 18-20 of [34] for more details.
The QCD action

— a — (- = Aa a 1 a auy
(2.9) Slg, 3, A] = / d*z [q (V"0 = m) a + 9" 5 q Ay — L Fu

needs to be fixed to a specific gauge to avoid functional integrations over equivalent gauge
configurations. See Chapter 3, pages 32-36 of [34] for more details. The gauge fixing action

(2.10) Selq, @, A%, w, @] = S[q, q, AY]

1 A\
+ /d4x l(@“u_)“)(éabauwb — gf“bcwaZ) el (e

2 2]

34’

along with the generating functional

(211) Z[naﬁa Jau’Qa’Qa] = /DquDAZDwDU_) exp {ng[q,q_,AZ,U},’U_)]

+ i/d4x [ﬁq + g+ AT + Qou + Q“w“] }

define the quantum field theory for QCD [34]. £ is the bare or unrenormalized gauge fixing
parameter. In this work we use the Landau or transverse gauge where £ = 1 [35]. Eq. 2.10
contains the gauge fixing w and w Fadeyev-Popov ghost fields. To generate the Green’s
functions of the theory, the anticommuting sources 7, 77, 2%, and Q¢ and commuting source
J* are added to the Lagrangian. The physical theory is defined when the sources are set

to zero.



Z is a moment-generating functional because various functional derivatives of it give
the Green’s functions of the theory. The nth derivative of Z is referred to as the n-point
function of the theory. The gluon propagator Dl‘j,bj(x —y) is a Green’s function of the
theory and is also referred to as the gluon 2-point function. The gluon propagator gives
the probability amplitude for the gluon to go from one space-time point to another and is
related to the generating functional by

6?1In(2)
o Jow (I)&]b’/ (y) Jan—gbv—q

(2.12) Dy (z —y) = (—1)

In a similar manner the quark propagator or quark 2-point function, S(z — y), gives the
probability amplitude of the quark to go from one space-time point to another and is
related to the generating functional by

, 02In(Z)

2.13 Sz —vy)=(—1)"—— .
(2.13) (@=y)=(=) 6n(2)on(y) ln=rn=0
2.2 Euclidean Metric

This work uses a Euclidean formulation of QCD [12, 36, 37, 38] where
(2.14) a-b=a,0,b,.

Lattice QCD and most nonperturbative quantum field theory calculations are performed in
the Euclidean metric for practical reasons. The Euclidean 4-vectors can be obtained from
the Minkowski 4-vectors by an analytic continuation to imaginary time. In particular, the

space-time and momentum-energy 4-vectors are related by

(2.15) t? = M
(2.16) ¥ = v,
(2.17) EE = {EM
and

(2.18) 77 = pM.
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The gamma matrices are related by

(2.19) AOF = M
and
(2.20) FE = —iyM,

These rules for going from Minkowski space to Euclidean space make the following

changes in the Dyson-Schwinger equations,

(2.21) 7od4kM = —i70d4kE,
2.22) M = P,

(2.23) "M = =" p",

and

(2.24) pM M = —pF .o

Finally, from Eq. 2.23 we see that the invariant mass of a free particle in the Euclidean

metric is defined as P2 = —m?. See Appendix A.

2.3 The Running Coupling Constant of QCD

The renormalized dressed gluon propagator is

kyk,
k4

+ 5ab£

a k,k,\ d kz,,uQ
(2-25) Dmb/(k) = dab <5W_ 22 > ( k2 )

where £ is the gauge parameter,

1

2.2 2 )= ———

and T1(k2, p?) is the renormalized gluon vacuum polarization. The Slavnov-Taylor identity

39, 40] in QCD insures that the longitudinal part of D% (k?) is not affected by interactions.

See chapter three, pages 32-36 of [34].
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The renormalization group equation [41, 42] for the gluon propagator allows for the
study of the large momentum sector of QCD where the quark-gluon coupling, o, becomes
weak and perturbation theory can be used [6, 43, 7]. To lowest order in the S-function

[32], the renormalization scale dependence of s comes from

aas ﬁO 2

2.2 - _ v
(2.27) o 5, &
where

2
(2.28) fo=11- 2Ny,
Eq. 2.27 can be solved [34] to give

47
2.29 0, (Q) =
(2:29) @)= B> /A20)

for Q% > AzCD. The parameter Agcp sets the momentum scale below which o, becomes
large and perturbation theory diverges. In position space, a,; becomes large for quark

separations larger than 1/Agcp [44].

2.4 Dyson-Schwinger Equation for the Quark Propagator
The Dyson-Schwinger equation for the quark propagator is a relationship between the
quark propagator, the gluon propagator, and the quark-gluon vertex. The renormalized

form of the equation is

(2.30) S(p) = Za(iy - p + M) + X' (p)
where
' A d4q 2 A?
(2.31) Y (p) = Zl/ )i’ Dy (p = @) 5 1S (@) (4, p)

is the unrenormalized quark self-energy, D, (p— ¢) is the renormalized dressed-gluon prop-
agator, and I'%(q, p) is the renormalized dressed quark-gluon vertex [45, 46]. See Figure 2.1.
A is the regularization mass scale which is removed at the end of a calculation by taking

the limit A — oco. Z1, Z,, and my, are the quark-gluon vertex renormalization constant,
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the quark wave function renormalization constant, and the quark bare mass, respectively.
Zy, Zy, and my,, are all dependent on the renormalization point, i, and the regularization

mass scale, A. Furthermore S, I'?, and my,, are dependent on the quark flavor.
P = P +
@ @

Figure 2.1: Dyson-Schwinger Equation for the Quark Self Energy.
Eq. 2.30 is renormalized such that at the renormalization point

(2.32) S(p) " prope = i - p + ma(p?),

where mp(u?) is the renormalized current-quark mass. Away from the renormalization
point

(2.33) S(p)~" =iy pA@P* 1) + B®, 1),

where A and B are the vector and scalar amplitudes of the quark propagator, respectively.

2.5 Bethe-Salpeter Equation

The Bethe-Salpeter equation [47, 48] is the fully relativistic description of two-particle
bound states in quantum field theory and is, therefore, to be used in describing meson qq
bound states [49, 12]. Bound states are identified as poles in the ¢ scattering matrix [50].
More specifically, the bound states are poles in the scattering amplitude at specific values
of the invariant masses depending on the quantum numbers of the ¢g pair [51].

The Bethe-Salpeter equation,

d4

23 TheP) = [ G LK PSP e P)Sa - 5P)
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gives the Bethe-Salpeter amplitude (BSA) or amputated, one-particle-irreducible quark-
meson vertex, I'% (p; P), where the quark has flavor a and the antiquark has flavor b. Here
P? = —m?, where m is the bound state mass, p is the relative ¢¢ momentum, and A is the
regularization mass scale as previously defined. For scalar and pseudoscalar mesons, M is
only a label specifying the type of meson but, for vector and axial-vector mesons, the Bethe-
Salpeter amplitude carries a Lorentz index and ,therefore, M will contain a mathematically
significant index representing some component in space-time. In particular, we can write
I's for pseudoscalars, I', for vectors and I's, for axial-vectors where y = 1,---,4. The

parameters 1 and § = 1 — 7 specify the amount of momentum sharing between the quark

and antiquark. For nonrelativistic motion n = m:’fmb and 8 = m—:’jrbm—b [52], where m, and
my, refer to the mass of quarks a and b, respectively. We choose the convention n = =1/2
for all meson calculations in this work. The kernel K is the renormalized, amputated ¢g
scattering kernel that is irreducible with respect to cutting a pair of ¢q lines. K operates

in the direct product space of color and Dirac spin.

The Bethe-Salpeter wave function,
(2.35) X4 (a; P) = S%(q¢ +nP)l'5;(g; P)S*(q — BP),

allows Eq. 2.34 to be written as

d4

(2.36) 5 P)], = /A ﬁff{i(zx ¢ P) [x3i(@; P)]

where r, s, t, and u represent the combined color-Dirac matrix indices.

The Bethe-Salpeter amplitude, T'%(g; P), has a corresponding anti-meson solution,
['%(q; P), that gives the amplitude of an anti-meson separating into two quarks. They
are related by I'%¢(q; P) = [C‘T%}(—q; P)C’]T where C' = 757, is the charge conjugation

operator and 7" denotes the transpose. (See Appendix A.)



14

The normalization condition,

23 2B = g [ S Tren [ ~K)Sa + aP )T S0 - 57

+-/Ad4 /Ad§4hﬁwr«ﬂmemwﬁﬁh%@Kﬂw}

insures that the Bethe-Salpeter amplitude describes one meson with unit probability [49].

)
P2=K2—_m2

In the ladder-rainbow truncation the kernel is independent of the meson momentum and
thus the second term is zero. In general, a properly normalized BSA will result in a

conserved electromagnetic current of the meson [29, 30].

2.6 Dynamical Chiral Symmetry Breaking

The appearance of nearly massless pions in the meson spectrum and a nonzero quark
condensate [53] is a clear signal of dynamical chiral symmetry breaking in QCD where the
pions are identified as the Goldstone Bosons of the dynamical broken chiral symmetry. The
satisfaction of the axial-vector Ward-Takahashi identity provides the proper description of
this phenomenon in the Dyson-Schwinger approach [21]. Furthermore, truncations of the
Dyson-Schwinger equations, such as the rainbow-ladder truncation, that satisfy the axial-
vector Ward-Takahashi identity can also properly describe pions as the Goldstone Bosons
of dynamical chiral symmetry breaking.

The renormalized axial-vector Ward-Takahashi identity in the chiral limit is

) . I T
(2.39) iRk P) = 57 (ks o+ S ()
where
. J
(2.39) g, (ks P) = T—%[VuF(/ﬂ'PHV'MuG(k;P)—GuukuH(k;P)]

Tk P) 4 fo gl (k: P)

is the axial-vector vertex, f, is the pion electroweak decay constant given in Eq. 4.54, I';

is the most general decomposition of a pseudoscalar Bethe-Salpeter amplitude, and F', G,



15

H, and T's, are regular as P? — 0. By assuming that m?2 = 0, substituting Eq. 2.33 and

Eq. 2.38 into Eq. 2.39 one obtains the chiral limit relations

(2.40) faEx(k;0) = B(k?),
(2.41) F(k;0) +2fnF,(k;0) = A(K?),
(2.42) G(k;0) + 2f,G.(k;0) = 2A"(k?)
and

(2.43) H(k;0) + 2f, Hy (k; 0) =

where E,, F,, G, and H, are the Lorentz invariant terms of the pion Bethe-Salpeter
amplitude given in Eq. 4.27.

In perturbation theory B(p?) = 0 in the chiral limit. However, Eq. 2.40 shows that the
Dyson-Schwinger approach also allows for a nonzero B(p?) in the chiral limit. A nonzero

B(p?) signals dynamical mass generation given by

(2.44) M(p?) =

and leads to massless Goldstone bosons. Furthermore, the quark condensate,

(2.45) —(qq)), = Aim Za(p, A Nc/ &g 717 p[Sm=0(q)]
i qz)
(2.46) = Jim Zy(u A N/ ) £ B

which is the order parameter of dynamical chiral symmetry breaking is now nonzero by

virtue of a nonzero B(p?).



CHAPTER 3

Numerical Solutions to the DSE

3.1 Model Gluon Propagator

From Eq. 2.30 we use the ansatz [19]

)\a
(3.1) 219" D (p = 9) 57 S (T34, p)
G (k2 A e
22 )Tuu(k) 77# S(Q)?’YV

where k = p — ¢ is the gluon 4-momentum and 7}, (k) = 6,, — k,k,/k? is the transverse
operator in the Landau gauge that picks out components of a 4-vector that are perpendic-
ular to k. The quantity T},,(k)/k? is the gluon propagator in the absence of the vacuum
polarization. This ansatz, commonly known as the rainbow approximation, includes the
replacement of I'%(g, p) by the bare quark-gluon vertex. The effective running coupling in

this work is modeled in the form [1]

G(k*) 47?2Dk267k2/“’2 N 4727y, F (k?)
k2w (1/2)In[r + (1 + k2/Adcp)Y

(3.2)
The first term is an infrared enhancement that is needed to give us an appropriate amount
of dynamically generated constituent quark mass by setting the quark condensate to a value
consistent with experimental observations [54]. The second term is used to reproduce the
1-loop perturbative result of QCD by going to «(k?)/k? in the limit of large spacelike k.
See Figure 3.2. The function F(k?) is given by

1 e—k*/(4m?)

(3.3) F(k*) = e

where m; = 0.5 GeV sets the scale between the perturbative and nonperturbative pieces

of Eq. 3.2.
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The parameters Ny = 4 and v, = 12/(33 — 2N;) are the number of quark flavors
and the 1-loop anomalous dimension of mass, respectively. The parameter Agcp = 0.234
GeV sets the scale between the perturbative and nonperturbative regions in QCD. The
parameter 7 = €2 — 1 is used to create gluon confinement by ensuring that the log term
in Eq. 3.2 is not singular on the real axis. From [1], three parameter sets were defined by
three different values of w while D, the up quark mass, and the strange quark mass were
fitted to the pion decay constant (f,), the pion mass, and the kaon mass. Table 3.1 gives

the parameter set out of the three in [1] that is used in this work.

Table 3.1: Model Parameters

u=d S
w D mu:l GeV mu:l GeV

0.4 GeV | 0.93 GeV? | 5.54 MeV | 124 MeV

3.2 Spacelike Calculation of the Quark Propagator
We now want to solve Eq. 2.30 for the vector and scalar amplitudes A(p?) and B(p?),
respectively. As given in the previous chapter the renormalized quark propagator has the

form
(3.4) S(p) ' =iv-pA®P®) + B(p®).
The quark propagator can also be written as

(3.5) S(p) = —iy - po, () + 05(p°)

where A, B, 0,, and o, are related by

2\ __ A(pQ)
(3.6) W) = 5B 1 B
and
(3.7 o) B")
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Before we find A(p?) and B(p?) we need to find A'(p?) and B’(p?) which are the regu-
larized but unrenormalized vector and scalar amplitudes, respectively. A’(p?) and B'(p?)

come from the unrenormalized quark self-energy,

dq G(k?)
2

(3.8) E@%ﬁ%m4@5—3+3@%:§/@m4k

T (k) 7S () v
which is related to the renormalized quark propagator by
(3.9) S(p)™" = Zo(iy - p + mum) + Z'(p).

We can multiply Eq. 3.8 by v - p and take the trace to obtain

(3.10) 4P A P) — 1) = —ig (%%—Egﬂw%ﬂﬂvm%S@w»

and take the trace of Eq. 3.8 to get

G.11) 15 = [ 2

(2 TTMV(k)Tr(’VuS(Q)’YU)'

The factor of 4/3 comes from the trace of the contraction between \*/2 and A*/2.

To simplify A" and B’ we will use Eq. 3.5 and recall that the trace of any odd number

of gamma matrices is zero. For A’ we have:

\>

=8
=~

2
Q
=
N
SN—

3.12)  p*AP)-1) = —i% o) k2 Tuu(k)%Tr(’Y'p%S(Q)%)

A
4  d* k? 1
(3.13) = -3 / (2734%2 )Tuu(k)ZTr(’Y-mw-q%)%(cﬁ)
A
4 1 d'q Gk 1
(3.14) = -3 / (2734%2 )T,w(k)ZTr(vwwp%)pquou(q?)-

From Appendix A we know that

(3.15) Tr(vavu Y1) = 4(00u0p0 — OO0 + Ia0yp)-

Therefore,

kk,

1
(3.16) Tu,,(k)ZTr(’yxyufyp’y,,) = —{5)\,, + 2?}
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and
a1 A0 -0 = g [ 55T e 20 @)
.18) - s S e o a2

Now for B’ we have:

(3.19) B'(p?) = g / (%4ggf)Tuu(k)as(qQ)iTr('mu)
(3.20) = g / (%fgz )Tuu(k)as(qz)éuu
(3-21) Tuu(k)5uu = {5,“, - %}5@ =3.

B’ becomes A

(3.22) B'(p?) =4 / (;34%12 )as(q2)-

We can accomplish the integration [ d*q by observing that the integrands in Eq. 3.18

and Eq. 3.22 are functions of p?, ¢2, and p - ¢. Our momentum 4-vector is
(3.23) g = |q| (cos ¢ sin @ sin (3, sin ¢ sin @ sin 3, cos O sin 3, cos )
and the integration over momentum 4-space is
A A 27 T s
(3.24) / diq = / Adg / do / sin 06 / sin® Bdj.
0 0o 0 0

If we take the direction of p, to be along the 4th axis, the integrands will be independent

of # and ¢ and the integration over # and ¢ can be done analytically reducing Eq. 3.24 to
A A ™
(3.25) /d4q = 47r/q3dq/sin2 Bdp
0 0

and with the substitution u = cos f it becomes

A

A 1
(3.26) /d4q = 47r0/(13dq_/1 V1 — u2du.
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Equations 3.18 and 3.22 then become

A 1

20 Al(, 2 _ 4 3 —
(3.27) PAG) 1) = 55t 0/ ¢dg /1 V1= wtdu

G(lp-9)? 2 (»* = pqu) (pqu — ¢*)

p? — 2pqu + qz%(q ) {pqu 2 p? — 2pqu + ¢? }

and
A 1
ooy 4 3 — G((p—9)?) 2

(3.28) B'(p°) = (27r)447r0/q alq_/1 V1 — u2du R T os(q°).

Now that we have A’(p?) and B'(p?) we can determine Z,, mg, A(p?), and B(p?).

Eq. 2.32 requires that

(3-29) Zy(p?, A?) =2 = A'(u®, A?)
and
(330) mr(u®) = Zo (4, A*)mpm + B' (1%, A?).

The renormalization of A(p?) and B(p?) are given by

(3.31) AP, %) = 14+ A'(p*, A?) = A'(?, A?)
and
(3.32) B(p*, u*) = mg(p®) + B'(p", A”) = B'(4*, A?).

The exception to this is in the chiral limit where Zs(u?, A?)mpy, = 0 [19] and Eq. 3.32
reduces to B(p?, u?) = B'(p?, A?).

Solving for A(p?) and B(p?) is now a problem of solving two coupled, nonlinear integral
equations. The procedure used is to make a guess for o,(p?) and o,(p?), numerically
solve Eqs. 3.27 and 3.28, apply the renormalization condition in Egs. 3.31 and 3.32 to
obtain A(p?) and B(p?), use Egs. 3.6 and 3.7 to obtain a new guess for o,(p?) and o,(p?),
and repeat until o,(p?) and o,(p?) are known to some accuracy. Our accuracy criterion
is a calculation of the average relative error of o,(p*) and o,(p*) between two adjacent

iterations. Our iteration procedure terminates itself when we reach an average relative
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error less than 10 8. We also watch the maximum relative error to make sure no point in
either o, (p?) or o,(p?) deviates too far from the average relative error. Figures 3.3 and 3.4
are our numerical calculations of A(p?) and B(p?), respectively. Figures 3.5 and 3.6 show
our numerical calculation o,(p?) and o,(p?), respectively. Our renormalized quark mass
function, M (p?) = B(p*)/A(p?), is shown in Figure 3.7.

To compare this model to lattice calculations [55] we fit the renormalized current quark
mass to lattice data. From Figure 3.8 we see that our chiral limit quark mass function is
in good agreement with the chiral extrapolation of the lattice calculations. In the presence
of explicit chiral symmetry breaking, we fit the current quark mass at our renormalization
point with M (p?) and Z(p?), separately. We then obtained the two current quark masses

at 1 GeV using

(3.33) m(p){qq), = m{qq)°

where (Gq)° is the renormalization-point-independent vacuum quark condensate [19]. The
renormalization-point-independent vacuum quark condensate is obtained by fitting M (p?)

to

o 2T, (—(q9)°)
(3.34) M(p”) = 3 pQ(%ln[pQ/A%cp])1_7m

in the chiral limit at large p?. The results shown in Figure 3.9 indicate good agreement with

M (p?) due to our implementation of DxSB, but also shows differences in the calculation of
Z(p?). Lattice calculations produce a regulated but un-renormalized Z(p?). For this reason
the scale of the field renormalization function Z(p?) is arbitrary and only comparisons to
its shape are meaningful. The bare quark-gluon vertex typically causes Z(p?) to saturate
slower than lattice calculations. This discrepancy in Z(p?) signals a deficiency in the bare

quark-gluon vertex [56, 57] and in our model gluon propagator.



Figure 3.3: Up and Strange Quark A(p?)

17

15 -

A(p°) (GeV”)
t

11 -

—— Up Quark
— — - Strange Quark

09 L
107

Figure 3.4: Up and Strange Quark B(p?)

10

12

10

0.8 -

B(p") (GeV)

0.2

0.0

0.6

04 -

-0.2
10

o —— Up Quark
~ — — - Strange Quark

10" 10° 10 10

24



o, (Gev™)

0.0

3.0

Figure 3.5: Up and Strange Quark o,(p?)

—— Up Quark
— — - Strange Quark
2.0
>
[}
e
b>
1.0
0.0 - ]
10° 10°
Figure 3.6: Up and Strange Quark o,(p?)
15 -
Up Quark
Strange Quark
1.0
0.5
10° 10°

10




Figure 3.7: Up and Strange Quark Mass Functions
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Figure 3.8: DSE comparison to Lattice QCD calculations in the
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3.3 Analytic Angular Solution to the DSE
Here we show an analytic solution to the angular part of the quark propagators without

the 1-loop perturbative tail. The angular part of Eq. 3.27 without the tail piece is

(3.35) Op*(A'(p*) - 1)] =

1
47T2D — w
% / V1 —uldu {quQu +2(p* — pqu) (pqu — q2)} e K/
-1

and Eq. 3.28 without the tail piece is

1

47T2D 27,2
12\ 2 2,—k*/w
(3.36) O[B'(p’)] = 5 /\/1 u?du {k e }
1
With k? = p? — 2pqu + ¢? our above integrals reduce to finding
1
(3.37) Pi(2) = /\/1 — u?e”du,
1
1
(3.38) Po(z) = /\/1 — vue*du.,
1
and
1
(3.39) P3(z) = /\/1 — u2u*e*du.
1
The integral representation of the modified Bessel functions of integer order[58],
(2/2)" /ﬂ +2c08(0) o p 2
. ; _ 2 COS v(6)d#,
(3.40) L,(z) T+ 1/2) e sin® (6)

0
immediately solves the integrals v, (2) = w11(2)/z, 12 (2) = ml5(2)/2, and 3(2) = 7l (2)/2*+

nl3(z)/z with the substitution v = cos(f) and with an integration by parts in the case of
1o and 3. Egs. 3.35 and 3.36 are now

_ 23D
=—

(3.41) O[p*(A'(p*) — 1)] e~ +)/ ‘”2{ — 2pq I1 (2pq/w?)
+ [3(° +¢°) — 20° 1 L(2pg/w®) — 4pq Is(2ch/w2)}
and

_ 213D

(342) OB = T

e~ @V L(p? 1 ) (2pg/w?) — 2pgly(2pg/w?) } -
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3.4 Complex Plane Calculation of the Quark Propagator

In this section we show that a a non-trivial contour integration is required to calculate
the values of the quark propagator in the complex plane. We also show that a physically
unobservable change to the model can allow for trivial contour integration along the real
axis.

We analytically continue our DSE into the complex plane by making the substitution
(3.43) p* = re®.

Equations 3.27 and 3.28 are easily solved because we now have a converged solution for
the spacelike o,(¢?) and o,(¢?) where q is purely real and we fix r and 6, calculate A'(p?)
and B'(p?) from Eqgs. 3.27 and 3.28, apply the renormalization conditions from Egs. 3.31
and 3.32, and solve for o,(p?) and o,(p?) using Eqgs. 3.6 and 3.7.

Our technique is to choose an angle in the second quadrant and plot the propagator
along the ray. See Figures 3.10 and 3.11 for up quark o,(p?). There are two significant
features of these graphs. The first is the possibility of singularities in o, and o,. (Corre-
sponding graphs in A and B do not show the possibility of singularities.) The second is the
numerical instability of the graphs. Before we can confidently identify a true singularity
we need to find the origin of this numerical instability. (Corresponding graphs in A and B
show the same numerical instability.)

The instabilities occur as a regular, equally spaced pattern as a function of p? and the
frequency of the instabilities doubled when we doubled the number of quadrature points
in the spacelike grid. The location of the numerical instabilities are independent of the
number of angle quadrature points. The numerical instabilities are not caused by crossing
a branch cut in the square root function. The numerical instabilities are present only when
the 1-loop pQCD tail term in Eq. 3.2 is included. Furthermore, the instabilities are not

correlated with singularities of the explicit log function in Eq. 3.2.



Figure 3.10: Real part of o, in the complex plane.
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Figure 3.12: K(p,q) at [p?| = 0.25 GeV?.
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To analyse the numerical instability, we write Eq. 3.27 for A(p?) in the form

(3.44) p(A'(p°)—1) = / K(p,q)0,(¢°) d(¢*)
where
(3.49) Ki0) = ok [Vimwa SO0
(p* = pqu) (pqu — ¢*)
x {PCIu—i-Q i }

33

and the integration variable has changed from ¢ to ¢2. (Our actual calculations integrate

over ¢%.) From Eq. 3.44 and Figure 3.5 we know that any numerical instability that comes

into A(p?) must enter through K(p, q) and not o,(¢?). Figures 3.12 and 3.13 are graphs of

the real and imaginary parts of K(p,q) at set values of [p?|. We see that our instabilities

come from K (p,q) when [p?| = ¢*.

Specifically, we assumed that the analytic function k - pk - ¢/k?, which is nonsingular

for real p? when k? = (p — ¢)? = 0, was also non-singular when p* was continued into the

complex plane. This assumption is not true. When both p? and ¢? are real,

(3.46) u:1{2+g}

will give the value of u so that k2 = 0. If p # ¢ then u > 1 for k2 to be equal to zero.

When p = ¢ then v = 1 and the integrand has a singularity at the right limit of integration.

However, when p = ¢q then

k-pk-q_q4(1_u)(u_1) :1q2(u—1)

(3.47) K2 2¢2(1 — ) 2

and the singularity is canceled by k - pk - ¢. Now when p? = re’’ and ¢®> = Re'® are both

complex we find that k2 = 0 when

oo e B () G )
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Since the integration in Eq. 3.45 is over real u we see that k% # 0 when r # R and 0 # ¢.
When either r = R or § = ¢ then the imaginary part of Eq. 3.48 is zero and the integration
over u may encompass a singularity. In particular, when § = ¢ and r # R then k? # 0 for u
along the limits of integration by the same arguments as when p? and ¢? are real. However,
when 7 = R and 6 # ¢ then k* = 0 when u = cos((f — ¢)/2), which is guaranteed to be
within the limits of integration. Furthermore, when [p?| = |¢?| and 6 # ¢ then k-pk - q/k?
is a multivalued function of p? and ¢?. Finally, when r = R and 6 = ¢,

k-pk-q_l 2

(3.49) T P (u—1)

is analytic for u along the limits of integration in Eq. 3.45 and is single valued.

K (p, q) results from integrating over a nonintegrable singularity when p? is continued to
the complex plane and ¢? is not. This occurs only at the point when [p?| = ¢*. For K (p, q)
to be properly defined the integration over ¢* in Eq. 3.44 must be along any contour that
includes ¢? = p?. However, this numerically intractable problem can be circumvented with
a physically insignificant change to G(k?)/k? while keeping the integration over ¢? along
the real axis.

The singularity in k- pk - ¢/k* in the equation for A(p?) is canceled by the k? factor
in the infrared enhancement of Eq. 3.2. There is no corrsponding k? factor in the 1-loop
perturbative tail term of the kernel. To see this, we perform a Taylor series expansion of
Eq. 3.3 in the low k? limit to obtain

1 1 k2
2y _ _ ..
(3:50) Fk7) = 4m? 2 (4m?)? +

If we change F(k?) to
| — o—kt/m2)?

k2

(3.51) F(k*) =

and look at its Taylor series expansion we find that

(3.52) F(k?) = (4:;2%)2 _ %(4:;6%)4 T
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Figure 3.14: Real part of o, in the complex plane with modified F(k?).
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and the factors of £? in Eq. 3.52 will now cancel the 1/k? in k-pk - q/k? to give us a finite

expression everywhere in the complex plane. Figures 3.14 and 3.15 are the same as 3.10

and 3.11 but with the modified F(k?) as given in Eq. 3.51.

The model characterized by Eq. 3.2 with F(k?) replaced by Eq. 3.51 produces changes
of less than one percent in the meson observables calculated in this work. Since the in-
frared behavior of the gluon is unknown we are free to model its behavior with either
a zero or nonzero value at k* = 0. The role of F(k?) is to dictate at what momentum
the 1-loop pQCD tail term turns on. In the infrared, F(k2?) causes the 1-loop pQCD tail
term to be some very small value compared to the infrared enhancement given by the
first term in Eq. 3.2. In the ultraviolet, F(k?) causes the 1-loop pQCD tail term to go to
1/[k*In(k?/A%cp)]- Both F(k?)s given by Egs. 3.3 and 3.51 accomplish this task. Fig-
ure 3.16 suggests that replacing Eq. 3.3 by Eq. 3.51 trivially modifies the infrared behavior
of the gluon while allowing for contour integration along the real axis. Furthermore, the

integrated strength of the gluon is modeled to produce the empirical value of the quark
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Figure 3.15: Imaginary part of o, in the complex plane with modified F(k?).
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condensate. The modification to F(k?) is such that the value of the quark condensate
changes by less than 0.3%. The parameters in Table 3.1 can be readjusted to fit the quark
condensate but the changes are so small that we do not do so.

Having modified the model to allow for contour integration along the real axis, we can
now positively identify singularities in o, and o, in the complex plane. In the chiral limit
we find singularities at an (r, ) of (0.375 4+ 0.01 GeV?,122 4 1°), (1.18 +-0.03 GeV?,161 +
1°), and (1.66 £ 0.02 GeV?,180°). Figure 3.17 shows that the singularities at 122° and
161° are mirrored by corresponding singularities in the third quadrant according to the
Schwarz Reflection Principle [59]. The up quark singularities are at an (r, ) of (0.39+0.02
GeV?,12241°), (1.140.04 GeV2,155+1°), and (1.6440.04 GeV?,180°). The strange quark
singularities are at an (r, ) of (0.71 £ 0.01 GeV?,122 + 1°), (1.60 & 0.01 GeV?,142 + 1°),
and (1.30 + 0.02 GeV?,180°). The strange quark shows an area of numerical instability
between 158°-169° and 1.4 GeV2-1.8 GeV?. We did not investigate this area any further.

When the perturbative tail piece in Eq. 3.2 is removed from the model, the positions of
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Figure 3.16: Comparison of different F(k?)’s in G(k?)/k®>. The solid line with circles
represents the original model with F(k?) given in Eq. 3.3 and the diamonds represent
G(k*)/k* with F(k?) given in Eq. 3.51.

600

500

400

300

200

100




38

Figure 3.17: Singularities in the real part of the chiral limit o, (p?). The singularities shown
are at an (r,0) of (0.375 4 0.01 GeV?,122 4+ 1°).
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the singularities change only slightly except for the one at (1.1 GeV?,155°) which no longer
exists or has moved out of our search area that has a maximum radius of 2 GeV?2. For our
meson calculations in the next chapter, only the singularities at 122 + 1° will affect our
calculations. Its effect will be to limit how high we go in the meson spectrum by limiting

our calculations to the ¢ meson and below.



CHAPTER 4

Properties of Pseudoscalar and Vector Mesons

4.1 General Technique

To solve the Bethe-Salpeter amplitude in Eq. 2.34,
A it
)[R, = [ 5 myi K .05 P) [S*(a + nP)TSh(g; P)S"(a — BP)]

we use the ladder truncation,

y g k‘2 /\c TU /\c ts
(4.2) K (p,q; P;) — —%Tw(/ﬂ) l;%] ® l;%} :

where G(k?) is the effective running coupling constant and k& = p—gq is the gluon momentum.

See Fig. 4.1. The Bethe-Salpeter Equation now takes on the form

(4.3) T B) = — / (d4q dlay, (k)gws“(qwl%)

o)t k2 M

x T3¢ P)S*(q - ﬁPi)gw
where mesons of different quantum numbers have different forms of I'%(g; P;). In general
['%(q; ;) is created by taking all possible combinations of ¢, P, and + matrices that have
the appropriate transformations under charge conjugation (C), spatial inversion (P), and
time reversal (T) [49].
Equation 4.3 is valid only for discrete momenta P; satisfying P? = —m? where m; is
the mass of the meson in state ¢. However, the equation can be generalized to continuous

momenta by changing Eq. 4.3 to

4 c
(4.4) MNP (p; P / d q g V(k)A Yu S*(q +nP)
x r?&(q;ms (q—ﬁP)%v

39
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Figure 4.1: Ladder BSE Feynman Diagram.

p+P2 q+ P2 p+P2
P = P P-9

p- P2 q- P2 p- P2

The discrete values of P? that produce A(P? = —m?) = 1 signify Bethe-Salpeter solutions
with mass m; [60]. The smallest value of m; satisfying this is the ground state mass.

The general form of
N

(4.5) I3 (q; P) =" Ciylq; P)A'(g; P)

=1

is a sum over the different covariants, C%,(¢q; P), times a Lorentz invariant amplitude,
A'(g; P). The transformation properties of I'%(g; P) under C, P, and T are contained in
C%,(¢q; P) only. The label M on T'%(q; P) and C%;(¢; P) can be a meson label, Lorentz
index, or both as discussed below Eq. 2.34. Since A‘(q; P) is a Lorentz invariant and a
function of ¢ and P it can only be a function of ¢?, P2, and ¢- P. The number of covariants
is denoted by N and are different for different mesons. Mesons that transform as a scalar
or pseudoscalar have four covariants and mesons that transform as a vector or axial-vector
have twelve covariants [49].

The covariants with the proper transformations under C, P, and T are not unique
because one covariant basis can be converted to another by a linear transformation. If an

ortho-normal basis of covariants is chosen such that the trace over Dirac space is
(4.6) Trp [Cis(g; P)Cis(q; P)| = 63

then Eq. 4.3 may be projected onto that basis to give a set of linear equations for the
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invariant amplitude A?,

T, (k)R (p, q; P) Al (q; P),

N e o

j=1
where

4 C

. A . A
(48) RY,(p,q¢;P)=Trpc lC?w(p; P)EWS“(Q +nP)Ci,(g; P)S*(q — ﬂP)EV

and the original integral equation has now changed to a set of coupled, linear-integral
equations. If the meson is a vector or axial-vector then T'%(g; P) and C%,(gq; P) carry a
Lorentz index, which is summed over in Egs. 4.6 and 4.8.

We solve Eq. 4.7 numerically in a manner similar to our DSE solution in Chapter 3.

With
A A o o ™
(4.9) /d4q = /q3dq/d¢/sin 0d0/sin2 Bdp
0 0 0 0
and
(4.10) q = |q| (cos ¢ sin @ sin 3, sin ¢ sin @ sin 3, cos O sin 3, cos f)

we are free to choose P, to be in the 4th direction only and reduce all occurrences of ¢- P to
q- P =|q|Pscos 5. Also, we are free to choose which plane p, is in to further simplify. We
choose p, to be in the 3-4 plane. The ¢ integration in Eq. 4.9 can then be done analytically

and Eq. 4.7 becomes

N A
(4.11) AMP?)A'(p; P) = — Z q*dq | sin6df [ sin® Bdp
£ i o]

In practice we make the substitutions u = cos § and v = cos# so that

s 1
(4.12) sinfdf = | dv
[n=]
and

m 1
(4.13) / sin® Bd = / V1= 2du
0 —1
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to obtain
27r N A 1 1
414 2\ Adfn. _ 3 vV1—u2d
2
X 22 )T (k)R (p, q; P) A’ (¢; P).

To deal with the angular dependence of the amplitudes A’(p; P) we could in principle
solve the integral equation in terms of two continuous variables ¢ and u, but instead we take
the simpler approach of expanding the angular dependence of the amplitudes in Chebyshev
polynomials of the second kind. With p- P = pPw the expansion of A*(p; P) is
(4.15) Ai(p; P) = Ai(pQ,PQ,w) = Z Um(w)flfn(pZ,PZ)

m=0

where a similar equation holds for ¢ - P = qPu. Using the orthogonality condition of

Chebyshev polynomials in Eq. B.1, Eq. 4.14 becomes

416 AP = 2SS [
x /mdw/dv/mdu
o D )0 ) B .03 PYUL ) B 2, P)

Finally, we make one last substitution

A 1 A?
(4.17) / ¢'dg — / ¢*d(q*)
0 0
and we get
A2
- 12 27 & X
(418)  MP)A,@*P?) = -5 @n 4202‘1/q2d
n=0j 0

1
X /\/l—dew/dv/\/l—UQdu
-1 S|

Q(kQ)T

B

(k)Unn(w) Ry, (. a5 P)Un(u) A% (%, P?).

n
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which can be simplified to

o N A?
(119) NPYAL 7, P) = 3 3 [ da?) BY, 0, P A (g, P?)
n=0j=17
where
,12 2 P
(4.20) B4 (p*,¢*, P?) = —q il /\/1 —w2dw/dv/\/1 —u?du
g(kQ)

12 L (B)Un (w) BE, (P, 63 P) U (u).

Figure 4.2: Using A(P?) to find solutions to Eq 4.7.

A(P3
1 3

When the momentum integration is discretized for the computer and a finite number

of Chebyshev polynomials are calculated, we then have a typical eigenvalue problem given

by
N N' N"

(4.21) AP)AL (2, PY) =3 3 S A(@R)BY, (02, 62, P?) Al (2, P?)
j=1n=0s=1

where N'+1 and N” are the number of Chebyshev polynomials and number of quadrature

points, respectively, and ¢ and A(g?) are the momentum quadrature points and weights,
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respectively. In principle there are N - (N' + 1) - N” eigenvalues. In this work we only
want the lowest —P? that satisfies Eq. 4.3. From Fig. 4.2 we see that we want to know the
value of P? when the largest eigenvalue crosses A\(P?) = 1. Since we want only the largest

eigenvalue and its eigenfunction, we use the power method to obtain both [61].

4.2 Taylor Expansion of Quark Propagators

Because the quark propagators,

(4.22) S(qx) = —i7 - q200(q2) + 04(q3),

in BY (p?,q2, P?) have the arguments g3 = (¢+ P/2)? we need to know the value of o4(g%)

and 0,(¢3) in the complex plane. To see this, write

1
(4.23) G =q+ ZP2 +q-P
and
(4.24) P? = —m?
then
1
(4.25) G =q - ZmQ + igmu

where the direction cosine, u, is defined by ¢ - P = qPu. For each u, Eq. 4.25 defines a
parabola in the complex plane with vertex at (—imQ, 0). From Figure 4.3 we see that the
greater the mass of the meson we want to calculate, the greater the area in the complex
plane that we need to analytically continue the value of the quark propagators.

To calculate the quark propagators in the complex plane we will use the Momentum
Expansion Method [27] of expanding o, and o, in a Taylor series around tabulated points
along the positive real axis. If p? is the tabulated point closest to Re[q2] then the vector

and scalar parts of the quark propagator will be

0 1 1 2
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Figure 4.3: Parabolic region of the complex plane needed by the Bethe-Salpeter equation
for the argument of the quark propagators.
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where A = ¢2 —p?. Figures 4.4, 4.5, 4.6, and 4.7 show the scalar and vector parts for both
the up and strange quark propagators with F(k?) in Eq. 3.2 given by Eq. 3.51. All the
graphs indicate a clear convergence to the exact model calculations.

The value of P? for which the quark propagator singularities enter into the domain of
integration of the Bethe-Salpeter Equation can be calculated from Eq. 4.25 with u = 1.
The masses 1092 MeV and 1474 MeV are, respectively, the values of P? for which the
up and strange quark singularities at an (r,0) of (0.39 GeV?,122°) and (0.71 GeV?,122°)
enter into the domain of integration and above which the Momentum Expansion Method

becomes a mathematically invalid approximation to the quark propagators.
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Figure 4.4: Comparisons of the exact model calculations with the first through third orders

of the Taylor expansions of the scalar part of the up quark propagator.
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Figure 4.5: Comparisons of the exact model calculations with the first through third orders
of the Taylor expansions of the vector part of the up quark propagator.
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Figure 4.6: Comparisons of the exact model calculations with the first through third orders
of the Taylor expansions of the scalar part of the strange quark propagator.
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Figure 4.7: Comparisons of the exact model calculations with the first through third orders
of the Taylor expansions of the vector part of the strange quark propagator.
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4.3 Pseudoscalar Mesons

The BSA for pseudoscalar mesons with J”¢ = 0~F has the general form,

(4.27) ["(q; P) = ivs Ex(q; P) + 57 P Fr(q; P)

+ 5799 PGr(q; P) + V500008 Ps Hr(q; P),

where ¢ is the relative ¢¢ momentum and P is the four-momentum of the meson. Since

the 70 is a C = +1 charge eigenstate that obeys C |7° >= +|r® >, the BSA obeys
(4.28) [ (g; P) = +T""(¢; P).

Table 4.1 lists the amplitudes for the anti-meson BSA defined by

(4.29) [%(g; P) = [C™'T"(~¢; P)CT"

by using the identities in Appendix A.4. Furthermore, because we work in the m, = my
isospin limit, the 7% mesons will have the same mass as the 7° meson and thus have the

same invariant amplitudes.

Table 4.1: Pseudoscalar Bethe-Salpeter amplitude with J©¢ =0~

Ivd(g; P) L% (g; P)
iVSEW(Q'P) i’YSEW(_q'P)
vsy - P Fr(q- P) Y5y P F(—q - P)

57 qq-PGr(q-P) | vs7-9q- PGr(—q- P)
75Q(10-aﬂp,8 Hﬂ'(q i P) ’75qao'a6Pﬂ Hﬁ(_q ) P)

The general method used to solve the BSE given at the beginning of this chapter needs
to be modified in only two ways. First, the amplitudes do not need to be expanded over
both even and odd Chebyshev polynomials. With our choice of pseudoscalar covariants,
Eq. 4.28 requires the amplitudes E,, F,, G, and H; to be even functions of ¢ - P if and

only if = 8 = 1/2 in Eq. 4.1. We choose the convention n = 3 = 1/2 for all meson
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calculations in this dissertation. Since E,, F,, G,, and H, are functions of (g - P)?, the
coefficients of the odd Chebyshev polynomials are guaranteed to be zero.
Second, the covariants in Eq. 4.27 are not orthogonal to one another. This may be seen

by forming the trace of each covariant with I'“4(p; P):

(4.30) Trp {insT"(p; P)} = —4Eq(p; P),

(4.31) Trp {57 PT"(p; P)} = —4PF,(p; P) —4(p- P)’Gx(p; P),
(4.32)  Trp{wy-pp- PT"(p;P)} = —A(p- P)’ Fx(p; P)

(4.33) —4p*(p- P)* Gx(p; P),

and

(4.34) Trp {5pacasPs T"(p; P)} = 4N (p, P)* Hy(p; P)

where

(4.35) N(p,P)* =p°P? - (p- P)*.

The first and fourth covariants are orthogonal to every other covariant, but covariants two
and three are not orthogonal to each other. Eqgs. 4.31 and 4.32 can be written in the matrix

form,
T, —4P? —4(p- P)? F,(p; P)
(4.36) = ,
Ts —A(p- P)* —4p*(p- P)* | | Gx(»; P)
where T, and T3 are the projections of I' onto the second and third covariants. Eq. 4.36 is

inverted by taking the transpose of the cofactor matrix and dividing by the determinant

to obtain

(4.37) Fe(p;P) | _ ) —P°/4N(p, P)? 1/4N(p, P)? T,
Gr(p; P) 1/4N(p, P)>  —P2/4(p- P)>N(p, P)’ T

Eq. 4.37 shows what mixture of the projections 75 and T3 is needed to produce linear

integral equations in standard form for the amplitudes F,; and G,. Using Eqgs. 4.3 and
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4.37, F,(p; P) is found to be

v P d'q G(k*)
(438)  FwP) =y pps / i Twlh)
x Trp {757 Pw S"(q +nP)Thi(q; P)S* (g — BP) }
1 d4q G(k?)
~ 4N(p, P 23 )t k2 T ()

x Trp{¥7-pp- Pw S"(q+nP)T4f(q; P)S* (g — BP). |

and G, (p; P) is

. B d4q g k2
(139)  GelnP) = —{ye 5 / Ty (K)
x Trp {757 - Py, S (q + nP)P“Md(q; P)S%(q— BP)v,}
p? d4 G(k?
N q4 ( )T,w(k)

A(p- P)2N(p, P) 23 k?
x Trp{ysv-pp- P S“(q +nP)T4(g; P)S%q — BP)v.} -

Finally, using Eqgs. 4.3, 4.30, and 4.34

w0 EGP) = 53 [ ot S T

x Trp {irs 7, S"(¢ + nP)Ti(g; P)S* (g — BP)v. }

and

d4q g k2
441)  Hy(pP) = / ,
x Trp {%paaa/aPﬂ Yu S (q +nP)T4i(g; P)S“(q — BP)v.} -
Eqs. 4.40, 4.38, 4.39, and 4.41 are solved iteratively with the power method.

The general form of the BSA for pseudoscalar mesons that are not charge eigenstates,

such as the kaon, is

(4.42) I'(¢; P) = ivs Ex(q; P)+ 57 P Fk(q; P)

+ %7 q9Gk(q; P) + V59a0as Ps Hi (g; P).
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The main difference between the kaon BSA and the pion BSA is the absence of ¢- P in the
third covariant. Because of the difference between the s-quark and the d-quark propagators,
I'%*(g; P) and ['*%(q; P) are not related as ['“¢(g; P) and ['*¢(q; P) are in Eq. 4.28.

Expressions for the kaon BSE are obtained from the corresponding pion BSE with the
substitutions I'*¢ — T'*s S¢ — S and q- PG,(q; P) = Gk(q; P). Due to S¢ # S° the
amplitudes Fg, Fk, Gk, and Hg will have both even and odd Chebyshev moments. In
the limit as S* — S¢, mg — m, and the odd Chebyshev moments in Ex, Fk, and Hg
will decrease and vanish. For G g the even moment will vanish and Gx — ¢ - PG,.

As with the pion there is some overlap between the second and third covariants of the

kaon. With

(4.43) Ty =Trp{vy  PT"(p; P)} = —4P* Fx(p; P) — 4p- P Gk (p; P)
and

(4.44) T3 = Tro{wy -pT"™(p; P)}

= —4p- P Fi(p; P) — 4p* Gk (p; P)
we again have a matrix equation

T, —4P? —4p-P Fx(p; P)
(4.45) =

T3 —4p- P  —4p? Gk(p; P)

which can be inverted to give

(446) FK(p’ P) _ —p2/4N(p, P)2 D P/4N(p, P)2 T2

Gk (p; P) p-P/4N(p,P)*> —P?/AN(p, P)* T;

Now F and G for the kaon are

4 Fep) = bt [ 290

AN(p,P)23J (2m)* k2 e ()
X Trp{vsy-Pv,5"(¢+nP)I'(g; P)S*(q — BP)v}
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d4q g ]C2
B 4Np, 23/ T ()

X Trp{vsy-PYu S“(q + nP)P%(q; P)S*(q — BP)v.}

and
d4q g k2
(4.48) Gk(p; P) = 4N . P73 / T (k)
x Trp{vs7 - P% S"(q + nP)Fﬁ(q; P)S*(q — BP)v,}
P2 d4q g(k,Q)
* 4N (p, P 23 m)t k2 Tian (k)

X Trp{vs7- P S“(q +nP)T3;(q; P)S*(¢ — BP)v.} -

In the Ladder Approximation the ¢g scattering kernel, Eq. 4.2, is independent of

the center-of-mass momentum, P,, reducing the Bethe-Salpeter normalization condition,

Eq. 2.37, to
o (7 dq
_ 7 nba (.
(4.49) 9P, = aPu{ / (271_)4T7‘CD[FM((], K)
< S+ P K)S - 7)) .
P2 KZ—_ 2
With
9 B
Eq. 4.49 becomes
A
B dq o
(4.51) 1 = W{ / o A Trop[T(g; —K)

x  S%q+nP)T(e; K)S*(q — ﬁP)]}

P2=K2—_m?2

The Bethe-Salpeter normalization condition simplifies to a quark loop in the ladder ap-
proximation. See Figure 4.8. For multiflavor mesons like the 7°, Eq. 4.51 needs to be

modified by including a trace over flavor space:

I(g; —K)/V2 0 S%(g+nP) 0

0 —T%(q; —K)/V2 0 S4(q+nP)

(452) TTCDF
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[ (q; K)/V2 0 S*(q¢ - BP) 0
0 —I(g; K)/v/2 0 Siq-BP)
Since we are dealing with the m, = my isospin limit, the normalization for 7° will be

equivalent to that for 7+ and 7, up to a factor of /2.

Figure 4.8: Ladder Bethe-Salpeter Amplitude Normalization.

q;-P) > r(q;P)

S°(a-BP)

The normalization condition, Eq. 4.51, must be imposed by rescaling the Bethe-Salpeter

amplitude. If the Pseudoscalar eigenstates are found to give

A

2 6 d4 mba
(4.53) N> = BPQ{ / (2;;4T7‘CD[FM(Q§ —-K)

;
P2=K2=—m?

x  S%q+nP)Ti(g; K)S"(a - 6P)]}

then division of I by N will insure that the numerical solution to the pseudoscalar Bethe-
Salpeter amplitude describes exactly one meson coupling to quarks a and b.

Since our mesons are made up of ¢¢g bound states, they can decay into a lepton pair
via the electroweak interaction. For example, the decay 7~ — p* + v, is characterized by

the pion decay constant given by [25]
A

/ (;Z:; P, Trp {qu(% P)Su(qf)’m’)/g,sd(qg} )

ZyNe
——

(4.54) o=

The BSA, I'%(g; P), must be normalized according to Eq. 4.51.
In the following section we refer to a four-covariant pion and a one-covariant pion. A

four-covariant pion refers to a pion Bethe-Salpeter amplitude with all four of the covariants
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given in Eq. 4.27 and a one-covariant pion refers to a pion Bethe-Salpeter amplitude with
only the canonical 75 term given in Eq. 4.27. Similar language will be used in the following
sections when we deal with the vector mesons and their strong decays. In general, a full-
covariant meson will refer to a meson being modeled with a Bethe-Salpeter amplitude that
contains all possible covariants with the quantum numbers of the meson. A one-covariant or
canonical-covariant meson will refer to a meson modeled with a Bethe-Salpeter amplitude
that contains only the single gamma matrix with the quantum number of that particular
meson. For the pion and kaon this is the 5 term and for vector mesons this will be the
74 term given in Eq. 4.60.

Table 4.2: The m and K masses and decay constants obtained from the Taylor expansion

method. We include results for both the full covariant solution and for the dominant s
solution.

My f7r Mk fK

15¢ order Taylor

All 4 ampls 0.117 0.111 0.420 0.134
v ampl only 0.106 0.086 0.382 0.103
274 order Taylor

All 4 ampls 0.138 0.131 0.497 0.157
~s ampl only 0.121 0.098 0.437 0.116
37% order Taylor

All 4 ampls 0.138 0.131 0.495 0.154
~s ampl only 0.121 0.098 0.436 0.114
Model exact [1] 0.138 0.131 0.497 0.155
Experiment (GeV) 0.1385 0.131 0.496 0.160

Table 4.2 shows the results for the pion and kaon at different orders in the Taylor expan-
sion. For the four-covariant pion, the masses and electroweak decay constants for all orders
in the Taylor expansion are converged to within 1%. At all orders in the Taylor expansion
the four-covariant pion requires only the first Chebyshev moment for convergence. At first
order in the Taylor expansion, the pion mass and decay constant are within 16% of the ex-

perimental values and within 1% for both second and third orders. For the one-covariant



o7

pion with only the canonical covariant s, the mass is converged to within 1% and the
electroweak decay constant to within 2.8%, 6.2%, and 1% for the first order, second order,
and third order taylor expanded results, respectively. Again only one Chebyshev moment
is needed for convergence of the pion mass and decay constant at all orders in the Taylor
expansion. At first order, the pion mass is within 24% and the decay constant is within
34% of the experimental results. At second and third orders, the mass is within 13% and
the decay constant within 25% of the experimental values.

The kaon requires at least three Chebyshev moments at all orders in the Taylor expan-
sion. For the four-covariant kaon, the mass and decay constant is converged to within 1%
for all orders in the Taylor expansion. At second order, the mass is within 0.497 GeV -
0.498 GeV and the decay constant is within 0.157 GeV -0.158 GeV. At first order, the mass
is within 15% and the decay constant to within 16% of their experimental values, respec-
tively. At second order in the Taylor expansion, we see convergence but not as strongly as
we do for the pion. This is due to the larger region of the complex plane needed by the
kaon BSE as well as the kaon being made up of both up and strange quark propagators
whose complex plane contributions to the kaon Bethe-Salpeter amplitude do not cancel to
the amount that they do for charge conjugation eigenstates that are made up of only up
or strange quark propagators. The mass is within 1% of the experimental result for both
second and third orders. The decay constant is within 2% and 4% of the experimental
value for the second and third order Taylor expansions, respectively. While the model ex-
act decay constant is 3.13% lower than the experimental value, the second and third order
results are within 1.3% and 1% of the model exact results. The mass and decay constant
for the one-covariant kaon is good to within 1% for all orders and Chebyshev moments. At
second order in the Taylor expansion, the decay constant is between 0.115 GeV and 0.116

GeV. The mass is within 23% of the experimental value for first order and within 12% for
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second and third orders. The decay constant is within 36% for first order and within 29%
for second and third orders when compared to the experimental value. Finally, the kaon
decay constant is within 34% for first order and within 27% for the second and third order
when compared to the model exact kaon decay constant.

Figures 4.9, 4.10, 4.11, and 4.12 show the projection of the 0 Chebyshev moment of the
pion and kaon amplitudes, respectively. The amplitudes graphed are obtained by rescaling

the covariants and amplitudes such that they are both dimensionless. For example,

/75Qa0-a,8P,3
455 aVa P Hﬂ' ;P K H 7
(4.55) V54a0apPsHr(g; P) — Ty Ve (a3 P

and m,+/q2H.(q; P) is the amplitude graphed. Figures 4.9, 4.10, 4.11, and 4.12 show that
the canonical covariant, 75, dominates the 7 and K Bethe-Salpeter amplitudes while v5y- P

is the next dominant covariant.



Figure 4.9: Pion Bethe-Salpeter Amplitudes.
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Figure 4.10: A magnified view of Pion amplitudes F', G, and H from Figure 4.9.
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Figure 4.11: Kaon Bethe-Salpeter Amplitudes.
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Figure 4.12: A magnified view of Kaon amplitudes F, G, and H from Figure 4.11.
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4.4 Vector Mesons

The general form of the BSA for vector mesons is
ab(s) (. — 18b( . s
(4.56) L) (g; P) = Iy (q; P)ely) (P)

where el(f)(P) is one of three spin polarization vectors and sz(q; P) is the Lorentz BSA.
Linear combinations of the three spin polarization vectors correspond to the three m, =

+1, 0 spin states of the meson [62, 63]. The spin polarization vectors are transverse,
(4.57) € (P)P, =0,
and have the property
3
(4.58) > e (P) e (P) = T (P)
s=1

where 7, (P) is the transverse projector defined in Chapter 3.

The general form of ['%*(g; P) with J*¢ =177, such as the p° and the ¢, is

(4.59) T7"(q;P) = v Vilg; P)+quy-qValg; P) + quy - Pq- P Vs(q; P)

+  Vs€uavpValdyPs Va(g; P) + ¢ Vs(g; P)

+ 0wqq - PVs(q; P) + 0P, Vi(q; P) + 4uG0005Pp Vs(q; P)

+ Pug- PVs(g; P) + Pyy - PVio(g; P) + Puvy - aq - PVi(g; P)

+ Puga0apPsq- PVia(q; P).
Because the spin polarization vectors are transverse, the BSE for physical vector mesons
requires only the components of I', that are transverse to P,. Covariants nine through

twelve are purely longitudinal to P, so they are not needed in the calculation of physical

vector meson BSAs. Our vector meson BSA now takes on the form
(4.60) Tu*(q;P)" = vy Vilg;P)+q.~v-qVa(a; P) +q,v - Pq- PVi(q; P)

+ Ys€panpValnPs Vala; P) + q. Vs(q; P)

+ 00,49 PVs(g; P) + 0, P, Vi(q; P) + q), 4a0apPs Vs (g; P)
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where T'““(q; P)" = T,,,(P)T'4*(q; P).
Just as in the pseudoscalar case we can calculate the anti-meson BSA, fﬁ“(q; P) =
[C7'Tu(—g; P)C]" ', by again using the identities in Appendix A.4. For the vector mesons

[ (q; P) = —I';*(g; P) where the minus sign comes from the charge conjugation quantum

number, C, in JP¢ =17,

Table 4.3: Vector meson covariants with J¥¢ =1-—

Lu(g; P) Tu(g; P)
’VMV(‘Z'P) _'YMV(_(I'P)

9.7 -qV(g-P) —quy - qV(=q-P)
q.7-Pq-PV(q-P) | —quy-Pq-PV(—q-P)
756uauﬂ’yaQVPﬂ V(q ) P) _756uauﬂ7aQVP,8 V(_q ) P)
9.V (q-P) —¢,V(=q-P)
ouwauq - PVig-P) —0uwquq-PV(—q-P)
0P, V(q- P) -0, P, V(—q- P)
quqaaaﬂpﬂ V(q ) P) _qMQaUaBPﬂ V(_q ) P)

Eq. 4.60 shows that covariants one through four have an odd number of v matrices and
covariants five through eight have an even number of v matrices. Because the trace of an
odd number of v matrices is zero, we know covariants one through four are orthogonal to
covariants five through eight.

From Eq. A.17 we know that covariant four is orthogonal to all other covariants. Fur-

thermore, it is transverse to P, without being operated on by T}, (P). With

(461) T'r{756;“/(1,8’YypaP,B’ySeuw9¢/pr0P¢} = _8N(p7 P)2

and N(p, P)? as defined in Eq. 4.35, we have

17 d'q G(K)
8N(p,P)2/ (2m)* k2 o ()

AC " u )\C
x Tr {756aﬁwp7ﬁpwpp5’yus (g:4)T%(q; P)TSd(Q)E%/}-

(4.62)  Vilp; P) =

T denotes transpose in I'#*(g; P) = [C'T'4%(—¢; P)C]" as opposed to denoting a transverse Bethe-
Salpeter amplitude in T%¢(q; P)T.
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As was done for the pseudoscalars, we define T; as the projection of I', onto covariant
i. The projections of covariants one, two, and three onto I', can then be written in the

matrix form

T 12 4(pT)2 0 Vi
(4_63) T, - 4(pT)2 4(pT)2p2 4(pT)2(p . P)2 Vs
T3 0 A@")*p-P)* 4(")’P*(p- P)? Vs

and inverted to give

Vl (pT)4P2 —(pT)2P2 (pT)Q Tl

1
(4.64) Vo ¢ = W —(pT)2 P2 3P? -3 T,
Vs (»")? -3 ¢/(p-P)? T

where ¢ = 3p* — (p”)%. So now the amplitudes may be read directly off of Eq. 4.64. For

example,
T 2P2
465 VlnP) = g [Tl T ) )
P2
- 5 T)4P2/---TT{pgv-p---FZd(q;P)T---}
3 T ud T
+ (pT)4P2/TT{pa7PpPFa (an) }

Covariant five is orthogonal to covariants six, seven, and eight and is given by
1 7 diq G(k?)
4.66 Vs(p: P) = — / T (k
( ) 5(p ) 4(pT)2 (27_‘_)4 k2 Iz ( )

)\C
X Tr{pe o uS" (¢ )T (4 P)"S"(¢-) 5

2\
’YV}

Similarly, covariants six, seven, and eight have the projection matrix

Ts 4p(p-P)?  12(p-P)* 4(p")*(p- P)? Vs
(4.67) T, ¢ =4 12(p-P)? 12P? 4(p")2P? Vi

Ty AT (p- P)* AT)APE 4(p")*P? Vs
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which is inverted to give

Ve Pp-PR -1 0 7,

1
(468) Vs = W —1 p2 -1 17
Vs 0 -1 3/(p")? T

The K* vector meson has a strangeness quantum number and therefore has no charge

conjugation quantum number. Because of this it has a J* = 1~ and we use

(4.69)  I't*(¢;P)" = v Vilg; P)+aq,v-qVe(a; P) +q,v - PVs(q; P)
+ Vs€has Vel Ps Vi(a; P) + q), Vs(q; P)

+ 00,4 Velg; P) + 01, P, Vi(q; P) + L 4a0apPs Vs (g; P)

for its BSA. These covariants differ from those of the p and ¢ by only the third and sixth
covariants where ¢ - P is absorbed into the amplitude. The projection matrices and their
inverses for the K* are given in Appendix C.1.

For pseudoscalar mesons the normalization condition Eq. 4.51 is sufficient, but for

vector mesons the three spin polarizations need to be averaged over giving

10 ’ dq
_ - Tba/ . T
(4.70) 1 = 3—8P2{/—(27T)4T7'CD[FN (¢; —K)

x S%q+nP)i (¢ K)"S (g ~ BP)]}

P2=K2=—m?2
Vector mesons can also decay via the electroweak interaction with a decay constant

given by [1]

A
(4.71) fymy e (P) = Z,Ne / (;qu)LLTrD {r)(g; P)S"(q-)uS(44)} -

We know from Eq. 4.58 that

(4.72) Z e (P)*els)(P) = T, (P) = 3.
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By contracting both sides of Eq. 4.71 with €*)(P)* we have

A
_ ZyNe [ dq
(4.73) =gy / (2m)

Trp {0 (g P)"S (g )75 (q+) )
where I'%(g; P) must be normalized according to Eq. 4.70.

Figure 4.13: Taylor series order comparison of lowest p BSE eigenvalue.
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In calculating the vector meson BSAs we want to get an idea of how good the Momen-
tum Expansion Method works. In Figure 4.13 we show the single Chebyshev expansion for
the p A\(P?) for the first three orders of the Taylor expansion as well as the exact solution
given in [1]. When A\(P?) = 1 we see convergence at second order, but when P? approaches
-1GeV? we see that second order is insufficient for convergence. This weak convergence is
due to the complex conjugate singularities in the region of -1GeV? influencing the Taylor

series expansion of the quark propagators.
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Figure 4.14: A comparison of the zero Chebyshev p amplitudes. The amplitudes are
rescaled in the same way as the pseudoscalars such that the covariants and amplitudes are

dimensionless.
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Figure 4.14 is the zero Chebyshev moment for the rescaled p amplitudes. This graph

suggests that covariants one, four, and five are the dominant covariants. However, from

Eq.A.28 we see that

(4.74)

Vs€uap89als =V, v 47 P —a,v P —7,q- P

contains terms proportional to covariants one and three. The mixing of covariants one

through three and the reduction of covariant four into covariants one, three, and a term

proportional to 7,7v-g7y- P suggest that a five covariant solution with covariants one through

five will contain the dominant physics.

Table 4.4 shows the masses and electroweak decay constants for the first through third
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Table 4.4: The vector meson masses and electroweak decay constants (in GeV) through
several orders in the Taylor expansion method of treating the complex argument of the
quark propagator amplitudes. The values quoted give the masses and decay constants
converged in the Chebyshev expansion. Comparison is made to the exact results of this
ladder-rainbow model from Ref. [1] The consequences from truncation of the complete set
of eight covariants to five and one (canonical/Dirac matrix) covariants is indicated.

p K* ¢
mp fp M= fK* m¢ f¢,

15¢ order Taylor

All 8 amplitudes 0.669 0.223 0.854 0.276 1.009 0.300
Vi-Vs 0.656 0.213 0.836 0.259 0.997 0.290
Vi only 0.811 0.255 - - 1.202 0.329
274 order Taylor

All 8 amplitudes 0.732 0.208 0.949 0.253 1.064 0.266
Vi-Vs 0.717 0.200 0.924 0.238 1.052 0.257
Vi only 0.856 0.214 - - 1.235 0.269
37 order Taylor

All 8 amplitudes 0.732 0.200 0.934 0.253 1.054 0.252
Vi-Vs 0.719 0.192 0.911 0.227 1.043 0.242
Vi only 0.844 0.189 - - 1.180 0.213
Model exact [1] 0.742 0.207 0.936 0.241 1.072 0.259
Experiment 0.770 0.216 0.892 0.225 1.020 0.237

orders of the Taylor expansion. The p and ¢ mesons are C' = —1 charge conjugation eigen-

states that require only the even Chebyshev moments in Eq. 4.15. The values quoted in
Table 4.4 give the masses and decay constants converged in the Chebyshev expansion. For
the p and ¢ mesons only the 0 and 2"¢ Chebyshev moments are needed for convergence.
However, the K* is not a charge conjugation eigenstate and requires both even and odd
Chebyshev moments. The eight and five covariant K* masses and decay constants are
converged by four Chebyshev moments while the one-covariant K* has no solution (see
below). The results for the p meson are converged to within 1% for both the masses and
electroweak decay constants. For the K* the masses are converged to within 1.1% and the
decay constances within 2%. The ¢ mass results are within 0.1% except for the first order

Vi — Vi which is within 1% and the canonical third order results which is within 0.26%.
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Table 4.5: The percent deviation of the vector meson masses and electroweak decay con-
stants given in Table 4.4 with respect to the experimental values and with respect to the
model exact results. Percent deviations from the model exact results are given in paren-
theses. The model exact results for the five and single covariant solutions are given in
Table IIT of [1].

p K* ¢

mp fp M= fK* m¢ f¢

15¢ order Taylor

All 8 amplitudes| 13.1 (9.8) 3.2 (7.7) 4.3 (8.8) 22.7 (14.5) 1.1 (5.9) 26.6 (15.9)
Vi-Vs 14.8 (10.1) 1.4 (7.1) 6.3 (9.1) 15.1 (12.7) 2.3 (6.2) 22.4 (16.0)
Vi only 53 (7.9) 18.1 (27.5) - - 17.8(3.1) 38.8 (64.5)

274 order Taylor

All 8 amplitudes 5.0 (1.4) 3.7 (0.5) 6.4 (1.4) 12.4 (5.0) 4.3 (0.7) 12.2 (2.7)
Vi-Vs 6.9 (1.7) 7.5(0.6) 3.6 (0.6) 5.8 (3.5) 3.1(1.0) 8.5(2.8)

Vi only 11.2 (2.8) 1.9 (7.0) - - 21.0 (1.0) 13.6 (34.5)
374 order Taylor

All 8 amplitudes 4.9 (1.3) 7.4 (3.4) 4.7(0.2) 12.4 (5.0) 3.3 (1.7) 6.4 (2.8)

Vi-Vs 6.6 (1.4) 11.2 (3.6) 2.1 (1.0) 0.9 (1.4) 2.3 (1.8) 2.1(3.2)

Vi only 9.6 (4.1) 12.5 (5.5) - - 15.7 (4.9) 10.1 (6.5)

The ¢ electroweak decay constants are converged to within 2% except for the canonical
third order result which is within 9%.

Table 4.5 summarizes the percent deviations of the values in Table 4.4 with both the
experimental results and the model exact results. Only the model exact results for the full
covariant solutions are given here. Model exact results for the five covariant and single
covariant solutions are given in Table III of [1].

At second order, the full covariant meson masses and decay constant are within 2%
of the exact model calculations except for fy which is within 3% and fx- which is within
5%. At third order, the masses are within 2% and the decay constants f,, fx+, and f, are
4%, 5%, and 3% off of their model exact results, respectively. The increased error in the
electroweak decay constants compared to the error in the mass is not surprising. While
errors in the masses come from the Taylor expansion of the quark propagators in the BSE

only, the decay constants have a greater error due to errors in the quark propagator being
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propagated through the normalization and electroweak quark loops.

Table 4.4 also shows that the first five covariants contains the dominant physics in the
mass and electroweak decays. Here we compare the second order results to the experimental
results. Comparison of experimental results to the other orders is given in Table 4.5. For
the p meson mass, the canonical covariant vy, is 11.2% too high, while covariants one
through five and all eight covariants produce meson masses that are 6.9% and 5.0% too
low, respectively. The p meson electroweak decay constant is 1.9%, 7.5%, and 3.7% too low
for the canonical, five, and eight covariant solutions, respectively. The K™ mass solutions
are 3.6% and 6.4% too low for the five and eight covariant solutions while the electroweak
decay constant was 5.8% and 12.4% too high for the five and eight covariant solutions,
respectively. The ¢ meson mass canonical solution was 21% too high while the five and
eight covariant solutions were 3.1% and 4.3% too low. The ¢ electroweak decay constant
was 13.6%, 8.5%, and 12.2% too high for the canonical, five, and eight covariant solutions,
respectively. These results verify our conclusions drawn from Figure 4.14 of the p meson
amplitudes and indicate that for this particular model covariants one through five contain
the dominant vector meson physics.

The calculation of the K* mass and decay constant with only the canonical covariant
does not have a converged solution most likely due to the complex conjugate singularities
of the up and strange quark propagators. Our search algorithm for the ground-state K*
mass uses the power method to determine when the largest real eigenvalue is equal to one.
Because the power method is insufficient in determining complex eigenvalues we instead
use [64] in our search algorithm. Unlike the power method, this search algorithm will filter
out the complex eigenvalues and only look for when the largest real eigenvalue is equal
to one. This more robust calculation of the canonical covariant K* eigenvalues shows

that many, but not all, of the real eigenvalues portrayed in Fig. 4.2 sequentially become
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complex conjugate pairs just before A\(P?) = 1. The largest real eigenvalue will equal one
for P? equal to 1323 MeV, 1646 MeV, and 1356 MeV for the first through third orders in
the momentum expansion, respectively. The results are converged by the fifth Chebyshev
moment but unconverged in the Taylor expansion. For the first-order and third-order
results, the integration domain of the BSE encompasses the up quark singularities only
while the second-order result encompasses both the up and strange quark singularities.
Because the Taylor expansions are unconverged near the singularities, the above results do

not represent converged physical solutions.



CHAPTER 5

Strong Decays of Vector Mesons

5.1 General Technique
The amplitude for the decay of a vector meson with spin polarization ¢ into two pseu-
doscalars is given by

(5.1) MO(P,Q) = D (Q)AL(P, Q)

where () is the vector meson momentum, P is the relative pseudoscalar momentum, and
(5.2) AL(P,Q) = 2PMF(P2, Q% (P-Q)*)+Q.P-QH(P*Q* (P-Q).

If the vector meson decays into two pseudoscalars with the same mass, then P - @ is zero
and Eq. 5.2 simplifies to 2PNF’ (P?,Q?%). However, if the vector meson decays into two
different mass pseudoscalars, then the second term in Eq. 5.2 is still not needed for the
calculation of the decay rate and coupling constant. To see this we average over the spin

polarization of the vector meson to get the decay rate

(z
(5.3) =5 MA 31 Z M

where M, is the mass of the decaying vector meson. The two-body phase space factor, p,

is given in Appendix D. Using Egs. 4.58 and 5.1 we can simplify the decay rate to

/\

(5:4) r=s MAgA (P,Q) AP, Q)"

where

(5.5) Au(P,Q)" = T (Q)AL(P, Q).

Since

(5.6) Tha(@)Aa(P, Q) = 2P F(P%,Q%, (P - Q)?),

73
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we see that the decay rate does not depend on the longitudinal piece of A,(P, Q). If the

mesons are on their mass-shell then
(5.7) gapc = F(P?,Q%, (P - Q)?%)

where g4pc is the coupling constant associated with the decay of vector meson, A, decaying

into the pseudoscalar mesons B and C'. The decay rate then simplifies to

b AP,
oM, 3 YAse

(5.8)

where (PT)?> = PT P! = P,T,,(Q)P,.

To calculate the decay rates and coupling constants we need to find a way to calculate
A,. For photon momentum in the vicinity of the p and ¢ mesons, we know that the
charge form factors for the pion and kaon will exhibit a resonant pole behavior due to the
propagation of an intermediate state p or ¢ meson. The form factors can be calculated
from the ymm and v KK vertex functions and g,., and gsxx extracted from them. Thus,
the quality of g,-» and gexx depend directly on the quality of the ymm and v KK vertex
functions. In [65] it has been shown that the impulse approximation of meson charge
form factors conserves the electromagnetic current and provides the correct charge in a
model independent way so long as the quark propagators, photon-quark vertex, and meson
BSAs are calculated in the rainbow-ladder approximation. Furthermore, [66] extends these
arguments to the K* — Km decay where the K*~ appears as a pole in the W~ vertex.
Therefore, we will use the impulse approximation to calculate the decay amplitude, A,,.

In the impulse approximation, irreducible three-body interactions are neglected and A,

takes on the form

59 MFPQ) = [ T Tro{rh i P - Q25+ /2

X T5e(k; Q)S°(k — Q/2)TE (ks; =P — Q/2)S"(k + P)},
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Figure 5.1: Impulse approximation of the A — BC decay amplitude.
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where ko = k+P/24+Q/4, ks = k+P/2—(Q /4, and internal quark labels have been added
to A, (P, Q) in an obvious way. The Feynman diagram of A, in the impulse approximation
(Fig. 5.1) takes on the simple form of a triangle diagram. Because the calculation of the
coupling constants requires the mesons be on their mass shells, the relative ¢ momenta of
the mesons is complex. However, we are integrating over the internal quark momenta and
are free to choose the integration variable. We have chosen the symmetric representation
such that the a quark momentum is k£ + @/2 and that the ¢ quark momentum is k — @Q/2.
This representation is advantageous because it eliminates the need to go into the complex
plane with the vector meson relative ¢¢ momentum. In principle we could solve the Bethe-
Salpeter equations for the pseudoscalar mesons at complex momenta, but we use the
simpler approach of Taylor expanding the BSAs into the complex plane. As was done for
the quark propagators in the BSE, we expand the pseudoscalar BSAs in a Taylor series

about the closest point on the positive real axis.
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Figure 5.2: Impulse approximation of the p° — "7~ decay amplitude.
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5.2 Two Pseudoscalar Strong Decays

The amplitude for the decay of a p° into a 71 and 7~ is given by

(5.10) A(p°mtr™ : PQ)T = 1 / ﬁTr {I:‘du(k" —P—-Q/2)
' AT = g ) et
X SU(k+ Q2T (k; Q)T S (k — Q/2)T¥(ky; P — Q/2)S(k — P)}
d*k
75 |t Teoe{ T ks P~ Q/2)S(h + Q2T (ks Q)T
X §%(k = Q/2)T8" (ks =P — Q/2)S"(k + P)}
where k), = k—P/2+Q/4, and k} = k— P/2—Q/4. See Figure 5.2. This can be simplified

as

1 - 1
(5.11) A(p°rtn™ P;Q) = ﬁAz““(P; Q)" - 7

Since we are working in the isospin symmetric limit, m, = mg, and because I'**“(¢; P) =

AL4(P; Q)"

['“(q; P) for the pion, we have
Aduu( p. _ Audd .

and Eq. 5.11 becomes

(5.13) AT Q) = oA PiQ)

1

\/iAZ‘M(P; Q)"
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Next, we want to show that A% (—P;Q) = —Au%(P;Q) [67]. Starting with

(5.14) NP Q) = [ Troo{Us!(k+ P12+ Q/4 P~ Q/2)
xSk + Q2T (k;Q)S(k — Q/2)
x T#(k+ P/2—Q/4—P—Q/2)S"(k+ P)}
and the charge conjugation operators in Appendix A.4, we have
(5.15)  AM(P;Q) = /k Trpe{CTHC 08 C - CT%C 050
x Ccrc-'cs'c'}
(5.16) = [ Troc{T4(~k = P/2 = Q/4 P - Q/2)"
x Sk —Q/2) T (-k; Q)" S (=k +Q/2)"
x Tk — P/2+Q/4—P - Q/2)"S"(~k — P)"}.
Using the trace property Tr{ A" BTCT} = Tr{CBA} and changing the integration variable
from k£ to —k we obtain
(5.17) N(PiQ) = [ Tepo{DE(k— P/2+Q/4—P — Q/2)
x SUk+Q/2)Ty (k; Q)S* (k — Q/2)
x (k- P/2-Q/4P - Q/2)S"(k— P)}.

Finally, because T, (k; Q) = —L,(k; Q) for the p°, Eq. 5.17 becomes —A%%(—P; Q). There-

fore,
(5.18) AL(P; Q) = —AM(=P; Q).

and

(5.19) Au(p°rta 1 P; Q)T = —V2A"4(P; Q)T

By equating Eq. 5.19 with g,,,2P, we find the decay constant to be
1 PP Q)T
V2 P2 '

(5.20) Gprr = —
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Although we have calculated this specifically for the p° — 77~ decay, we are working in
the m, = my isospin limit so all of the p — 77w decays will have the same value of gyr.

The amplitude for the decay of a ¢ meson into a K+ and a K~ is given by
(5.21) NS KK PiQ)T = AL (P; Q)T

and the decay amplitude, gsx K, is

1 P Assu P;Q T
(5.22) JoxK =3 . ”p(g ) :

The K* decays one hundred percent of the time into a kaon and a pion. However, the
isospin of the K* allows for two different sets of K7 decay products. For example, the

decay amplitude of a K*° into a K™ and a 7~ is given by
(5.23) AK* Kt n: P;Q)T = AP (P; Q)T

and its decay into a K° and a 7° is given by

(5.24) AK*K°n®: P;Q)" = —\%AﬁdS(P; Q)T

From Egs. 5.23 and 5.24 we find that the coupling constants

P AP Q)T

2 P —
(5.25) JK*eK+n 2(PT)2
and
(5 26) gK*oKogo — —PuAZdS(P; Q)T

2\/§(PT)2

differ by only a constant of /2 due to the isospin symmetric limit.
Because the pion and kaon masses are different P - @) # 0 in our calculation of

Azds(P; Q)" and we must determine the angle 3 such that

(5.27) P, =|P|(0,0,sin g, cos f).
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With

Ry o 1 _ 2
(5.28) (P_E) =P +ZQ —P-Q=—-M;
and
5 29 Q 2 2 1 2 _ 2
(5.29) (-P= 2P =P+ Q"+ P-Q=-M}
we find that

2 _ .2
(5.30) P.-Q= w
and that
1

(5.31) P? = Z(mﬁ(* —2m?2 — 2m%,).
With @, = iMk-(0,0,0,1) we find that
(5.32) P -Q = iMg+|P|cosf3.

Because |P| and P - @) are real cos 8 must be purely imaginary, and therefore 5 must be

complex. Since S = a + b and
(5.33) cos 8 = cos(a) cosh(b) — isin(a) sinh(b)

we know that cos(a) = 0 and that sin(a) = 1. This reduces § to § = 7/2 4 ib. Finally we

know that
.. —iP-Q
(5.34) cos B = —isinh(b) = e [P
SO
P-Q
— winh L
(5.35) b = sinh {MK* P } :

In the my — m, or m, — ms limit b — 0 and P, reduce to P, = |P|(0,0,1,0) and
P-Q=0.

Table 5.1 gives our results for the vector meson strong decays. Because of the functional
form of our internal quark momentum, Eq. 5.9 requires the values of the pseudoscalar

Bethe-Salpeter amplitudes in the complex plane. The complex plane behavior of the
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Table 5.1: Vector meson strong decay coupling constants calculated with the second-
order momentum expansion results of both the vector and pseudoscalar Bethe-Salpeter
amplitudes. The complex plane behavior of the pseudoscalar Bethe-Salpeter amplitudes
is calculated with a Taylor expansion into the complex plane with the first-order through
third-order results given. The dependence on the number of invariant amplitudes employed
is indicated. The K* decay process shown in brackets is related by isospin symmetry to
the former process by a factor 1/1/2. The notation (v,p) indicates the number of invariant
amplitudes used for the vector and pseudoscalar mesons, respectively.

Gv—opp (V:p):(874) (Vap):(574) (Vap):(1a4) (va):(lal) EXpt

15¢ Order Taylor
[/ 5.16 4.96 6.5 9.0 6.02
Jo—~KK 4.39 4.22 6.35 7.38 4.64
G+ s KOn+ 4.86 4.48 - - 4.60
(gr*+ 5 K+n0) (3.44) (3.17) - - (3.26)

274 Order Taylor
[/ 5.10 4.90 6.4 8.8 6.02
Jop—~KK 4.26 4.10 6.12 6.93 4.64
JK+ s KOn+ 4.84 4.44 - - 4.60
(gr*+ 5 K+m0) (3.42) (3.14) - - (3.26)

37% Order Taylor
9p—smm 5.10 4.90 6.4 8.8 6.02
Jop—~KK 4.25 4.09 6.10 6.91 4.64
GR*+— KOn+ 4.83 4.44 - - 4.60
(grcs+ s x+n0) (3.42) (3.14) - - (3.26)

pseudoscalar Bethe-Salpeter amplitudes is calculated with a Taylor expansion centered
around the spacelike part of the complex relative ¢¢ momentum. The pseudoscalar Bethe-
Salpeter amplitudes with spacelike relative g¢ momentum were calculated in Chapter 4 and
for the coupling constants calculated here we use the Bethe-Salpeter amplitudes obtained
from the second order Taylor expanded quark propagators. The results show a clear
convergence in the order of the Taylor expansion at second order for all of the strong decays
at different covariant representations of the vector and pseudoscalar mesons. With only
the canonical 5 and v, covariants, the p and ¢ coupling constants are approximately 50%
larger than their experimental values. The introduction of the full pseudoscalar covariant

representation lowers the p and ¢ strong decays to 6% and 32%, respectively. Although
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both decays are larger than the experimental results, the p meson is significantly close
to the experimental value. Table 4.5 shows that, when compared to experimental values,
our p mass calculations improve with added covariants. However, when compared to
experiment the electroweak decay constant has a relative error of less than 2% for the
canonical covariant and less than 4% for the full covariant solution. Furthermore, the
table shows that the ¢ electroweak decay constant improves when going from the canonical
covariant solution to the full covariant solution. Because both the electroweak and strong
decay constants are dependent on the Bethe-Salpeter amplitudes, the errors in the strong
decays from the Bethe-Salpeter amplitudes follow the trend of increasing or decreasing
when going from the canonical covariant to the full covariant solution just as the errors
in the electroweak decays increase or decrease when going from the canonical-covariant to
the full-covariant solution.

The p eight-covariant and five-covariant strong decays are 15% and 19% lower than
the experimental results while the ¢ eight-covariant and five-covariant solutions are 8%
and 12% lower than the experimental results. The relative errors in the strong decay
results follow the relative errors in the electroweak decays given in Table 4.5. The K*
eight-covariant and five-covariant strong decays are 5% higher and 4% lower, respectively.
Comparison with the eight-covariant and five-covariant solutions for all the strong decays
are consistent with the previous chapter in that the five-covariant solution captures the
dominant physics.

The Bethe-Salpeter kernel in Eq. 4.2 allows for the 77, KK, and K7 strong decay
channels. Because of this the p width is 20% of its mass while the widths of the ¢ and
K™ are significantly less. We believe that this accounts for the large relative error in the p

strong decay as compared to the ¢ and K*.



CHAPTER 6
Axial-Vector and Exotic Mesons

6.1 Real Argument Projection

The complex conjugate singularities mention in Chapter 3 hinder the calculation of
mesons above the ¢ mass. Because the eigenvalue of the BSE is real we naively expect
that the complex plane contribution of the quark propagators to be a minimal effect in the
solution of the ground-state mesons. This viewpoint is further supported by our Taylor
series expansion of the quark propagators given in Tables 4.2 and 4.4. In order to avoid
the numerical difficulties in solving the BSE with singularities in the region of integration,
we explore estimates of the ground-state mesons using only the real part of the argument

of the quark propagators. This technique replaces Eq. 4.26 by

(6.1) Us/v(q:2|:) ~ Us/v(q2 - M2/4)

and requires knowledge of the quark propagators along the negative real axis.

Knowledge of the quark propagator in the interval [—M?/4,0] requires an analytic
continuation of the Dyson-Schwinger equation. The current model characterized by Eq. 3.2
with F(k?) given by Eq. 3.3 will contain the numerical instabilities discussed in Chapter
3 and needs to be modified so that the gluon propagator is zero at k* = 0. With F(k?)
replaced by Eq. 3.51, numerically stable solutions of o, and o, can be obtained and the
ground-state pseudoscalar and vector mesons solutions compared to the Taylor expanded
solutions.

Table 6.1 shows that the real axis approximation differs from the Taylor expanded so-

lutions, exact model calculations, and the experimental masses by 11% for both the full
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Table 6.1: The pseudoscalar masses and decay constants (in GeV) obtained from the
real part of the argument of the quark propagators for all four Dirac covariants and the
dominant E amplitude for ;.

m K
My f7r MK fK
All 4 ampls 0.123 0.099 0.440 0.127
F only 0.116 0.075 0.404 0.098
Model in [1] 0.138 0.131 0.497 0.155
Experiment 0.1385 0.131 0.496 0.160

covariant pion and kaon masses. The full covariant pion and kaon electroweak decay con-
stants differ from the experimental results by 24% and 21%, respectively. Table 6.2 shows
that the full covariant masses in the real axis approximation differ from the experimental
results by 8%, 2%, and 5% for p, K*, and ¢ respectively. The vector decay constants
are 1%, 7%, and 21% for the p, K*, and ¢ respectively. The real axis results have errors
comparable to that of the Taylor-expanded solutions and are further evidence that the me-
son’s masses are dominated by the real axis values of the quark propagators. Furthermore,
this is consistent with the cancellation of imaginary parts of the quark propagators in the
Bethe-Salpeter Equation to produce real eigenvalues. Therefore, we naively expect errors

of 10% for bound state masses in the 1-2 GeV range.

Table 6.2: The vector meson masses and electroweak decay constants (in GeV) using only
the real part of the argument of the quark propagators.

’ K 5

My fp ME~ s Mg f¢>
All 8 amplitudes 0.711 0.217 0.872 0.241 1.066 0.288
V1 only 0.894 0.249 1.086 0.278 1.330 0.334
Model in [1] 0.742 0.207 0.936 0.241 1.072 0.259
Experiment 0.770 0.216 0.892 0.225 1.020 0.237
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6.2 Axial-Vector Mesons
The a,(1260) and b;(1235) mesons are the lowest lying orbital excitations in the meson

spectrum. The a; axial-vector meson has JF¢ = 1** and has

(6.2) (g P)T = s Ai(g; P) + 54,7 - ¢ Aa(g; P)
+ 54,7 - Pq- P As(g; P)
+ €rup VP As(q; P) + 55 q - P As(g; P)
+ V50,00 As(g; P) + 750, Poq - P Az(q; P)
+ V54, GaTapPsq - P As(g; P)

for its Bethe-Salpeter amplitude. The b; axial-vector meson has J©¢ = 17~ and we use

(6.3) (g P)" = vsvq- P Ai(g; P) + 75457 - qq - P As(g; P)
+ 75QZV'PA3(Q; P)
+ €y wlwBpt - P Au(q; P) + ysq, As(q; P)
+ 50,49 - P As(q; P) + 50, P, A7(g; P)
+ Y54, 4a0apPp As(q; P)

for its Bethe-Salpeter amplitude. Because of their opposite C-parity, Eqs. 6.2 and 6.3 differ
by only the inclusion or removal of ¢ - P in each covariant.

The real-axis approximation for both the a; and b; mesons is converged at two Cheby-
shev moments. The a; mass is 30% too low at 884 MeV and the b; mass is 37% too low at
776 MeV. Comparison of the p and a; masses indicates that the orbital excitation energy
Ma1 —m, is 153 MeV and thus a factor of three too small in this model. Because the masses
lie below the singularities in the quark propagators, exact complex-plane calculations of
the a; and b; masses can be computed yielding similar results in this model and in a related
study [68]. These axial-vector results indicate that our current model is too attractive to

describe the lowest energy orbital excitations properly.
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6.3 Exotic Mesons
Mesons whose quantum numbers cannot be produced by g bound states are called

exotic states. In the static quark model the parity is given by P = (—1)f*!

and the charge
conjugation quantum number for neutral states is given by C = (—1)L*% where L is the
orbital angular momentum and S is the total spin. Thus, resonances with J7¢ = 07—,
0t—, 1=F, 2=, ... represent exotic states. These exotic states can come from a gluonic
excitation such as a hybrid gqg, a glueball, or a multiquark state. In the covariant bound

state Bethe-Salpeter equation, an extra degree of freedom from the relative time (relative

energy) modifies the charge conjugation quantum number to
(6.4) C = (—1)F+5tr

and thus becomes useful in describing the gluonic excitation ggg. The case when « is odd
has no analog in the static quark model.

We examine the pseudoscalar exotic meson with JF¢ = 0=~ and vector m;(1400) exotic
meson with JP¢ = 1=+, While there is no evidence for the 0=~ exotic meson, there is
evidence for the m;(1400). Evidence for the 7 (1400) is supported by 7d scattering and pd
annihilation [32]. Furthermore, the reaction 7~p — nm~p is a candidate for the hybrid ggqg
state and yields a resonance of mass 1370 MeV and width 385 MeV [69, 70].

The general form of the 0~~ and 7;(1400) Bethe-Salpeter amplitudes is given by

(6.5) I'(q; P) = ivsq- PE(q; P)+ 75y - Pq- PF(g; P)

+ Y57 - qG(q; P) + 754000 Psq - PH(g; P)
and

(6.6)  Tu(¢;P)" = ~viq-PVi(g; P)+q,v-qq- PVa(g; P)

+ @7 PVa(@; P) 4+ V5€pn5Yalv Psq - P Vi(g; P)
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+ q.q-PVs(¢; P) +op,a, Vs(a; P) + 0, Pog - PVi(q; P)

+ 4. 40a005Psq - PVs(q; P),

respectively. Eqs. 6.5 and 6.6 differ from the 7 and p amplitudes by appropriate factors
of ¢ - P in order to create the opposite C-parity of the hybrid states. Both exotic states
converge at two Chebyshev moments. The 07~ state yields a mass of 741 MeV. We obtain
a mass of 1020 MeV for the 7;(1400) that is 26% too low. The fact that the 7 (1400) lies
136 MeV above the a; is consistent with the study [71]. Because the ground-state orbital
excitations are approximately 400 MeV too low, we expect that a model which accurately

reproduces the a; and b; will result in a 71(1400) around 1400 MeV.



CHAPTER 7
Conclusions

In this work we studied the properties of mesons from Bethe-Salpeter amplitudes. We
used a Euclidean model of the gluon propagator in the rainbow-ladder truncation of the
Dyson-Schwinger equations to compare alternatives to direct analytic continuations of the
quark propagators into the complex plane.

In Chapter 3 we obtained numerical solutions for the quark propagators along the posi-
tive real-axis of the complex plane. These spacelike solutions arose from iterative solutions
of the Dyson-Schwinger equations for the quark self-energy in the rainbow approximation
where the quark-gluon vertex is a bare vertex and the running coupling constant reproduces
the 1-loop renormalization group behavior in the ultraviolet. An infrared enhancement is
used to produce dynamical chiral symmetry breaking. Comparison of these results to lat-
tice QCD showed good agreement with M (p?) while comparison of Z(p?) show deficiencies
in the bare quark-gluon vertex.

For practical reasons, studies in the Dyson-Schwinger approach take advantage of the
freedom in modeling the infrared behavior of the gluon to allow for the analytic continu-
ation of the quark propagators to be made with a contour integration along the real axis.
Our complex plane calculations showed that a nontrivial contour integration was required
to calculate the values of the quark propagators in the complex plane resulting in the inte-
gration over nonintegrable singularities when using this expedient approach. A physically
insignificant modification to F(k?) allows for small k* behavior that results in properly
defined contour integration along the real axis. Our numerical solutions confirm the pres-

ence of complex conjugate singularities in the timelike region of the complex plane. All
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but one of these singularities remains when the pQCD tail term of the model is removed.
The singularities are not present in the self-energy amplitudes and thus are not generated
by the self-energy integrals. These singularities limit the calculation of meson observables
calculated with the momentum expansion method to the ¢ meson and below.

In Chapter 4 we calculated the mass and electroweak decay constants of the light
pseudoscalar and vector mesons. The meson Bethe-Salpeter amplitudes were calculated
in the ladder truncation to provide self-consistent solutions that satisfy the vector and
axial-vector Ward-Takahashi identities. Our numerical procedure consisted of discretiz-
ing the relative ¢¢ momentum, reducing the integral equation to an eigenvalue problem
and solving for the meson mass that gives the largest eigenvalue equal to one. The an-
gular dependence between the center of mass and relative ¢ momentum of the meson
Bethe-Salpeter amplitudes is approximated by an expansion in Chebyshev polynomials.
The mass-shell condition of meson bound states required that the quark propagators be
analytically continued into a parabolic region of the complex plane. This parabolic region
increases exponentially with increasing meson mass and becomes numerically intractable
for all but the lightest pseudoscalar and vector mesons. Here we compare masses and elec-
troweak decay constants calculated with the first through third orders of Taylor expanded
vector and scalar parts of the quark propagator with their direct analytic continuations
into the complex plane. At second and third orders, the momentum expansion method
provides meson masses and electroweak decay constants that are all within 5% of the direct
analytically continued solutions.

The main goal of this project was to calculate the vector meson strong decays in the
impulse approximation. The g,.» and gyxx coupling constants can be indirectly extracted
from the pion and kaon electromagnetic form factors in the impulse approximation. Our

results verify that a direct calculation in the impulse approximation yield high quality
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solutions when the quark propagators and meson Bethe-Salpeter amplitudes are calculated
in the rainbow-ladder approximation. In the impulse approximation, we ignore three-body
interactions and reduce the vector-pseudoscalar vertex to a simple triangle diagram. We
choose a symmetric functional form of the internal quark momentum such that the vector
meson’s relative g¢ momentum is spacelike while the two pseudoscalar relative ¢gq momenta
extend into the complex plane. To obtain the necessary complex plane behavior we Taylor
expanded the pseudoscalar Bethe-Salpeter amplitudes from the positive real-axis. As in
the case of the quark propagators, the expansion of the meson relative g¢ momentum
converges at second order.

In general, the relative errors of the strong decays increase or decrease as the relative
errors in the electroweak decays increase or decrease indicating sensitivity to the form of
the Bethe-Salpeter amplitudes. Single covariant solutions to the p and ¢ strong decays
are 50% larger than experimental results. The introduction of all pseudoscalar covariants
lowers this number to 6% and 32% for the p and ¢, respectively. Full covariant solutions
to the p and ¢ strong decays are 15% and 8% lower than experimental values, respectively.
The K* eight-covariant and five-covariant strong decays were 5% higher and 4% lower,
respectively.

Finally, we calculated axial-vector and exotic meson masses. The axial-vector mesons
a; and by are the lightest orbital excitations in the meson spectrum. Exotic mesons have
JPC quantum numbers that cannot be obtained from the static quark model. However,
in the Bethe-Salpeter formalism such observables exist due to the relative time degree
of freedom. Experimental predictions of axial-vector masses and empirical evidence for
exotic meson masses require an analtyic continuation into a region of the complex plane
encompassing the singularities found in this model. Our meson mass results from Taylor

expanded quark propagators motivates a new approximation to circumvent the singularities
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in the region of integration and provide numerically tractable solutions to Bethe-Salpeter
calculations of these heavier mesons. We studied the approximation in which the argument
of the quark propagators in the Bethe-Salpeter equation is replaced by its real part only.
This approximation required knowledge of the quark propagators along the real timelike
axis which was determined in Chapter 3. Light pseudoscalar and vector meson masses
were within 11% of the exact model calculations with the errors decreasing with increasing
meson mass. Our a; and b; meson masses were too low by 30% and 37%, respectively. The
orbital excitation energy was a factor of three too small indicating that our model is too
attractive to describe these orbital excitations properly. Comparison of our calculation with
empirical evidence of the exotic vector meson 71(1400) yielded a mass that was 26% too
low. We feel that a model that accurately produces the axial-vector mesons will accurately
produce a 7(1400) around 1400 MeV.

In conclusion, a direct comparison of analytically continued quark propagators and
Taylor expanded ones in the solution of meson observables showed that the complex plane
behavior of the propagators largely cancels in the solution of meson observables. The value
of the mass is particularly insensitive to the complex plane behavior of the quark propa-
gators. The electroweak and strong decay constants are sensitive to the functional form
of the Bethe-Salpeter amplitudes. The most surprising result was the relative insenstivity
of the calculations to the complex plane behavior in general. The real-axis approxima-
tion employed in Chapter 6 emphasizes this point with meson masses within 11% of their

experimental values.



APPENDIX A

Euclidean Metric

A.1 Integration
Integrations over a 4-momentum, k, can be accomplished using four dimensional spher-

ical coordinates. We write

(A.1) ky, = (k1, ko, k3, k4)
as
(A.2) k,, = |k|(cos ¢sinfsin 3, sin ¢ sin @ sin 3, cos § sin 3, cos f)
and
(A.3) 70 d*k = 70 dkydkodksdky
as - 2_00
4y, [ 13 . .2
(A.4) _Zo d'k = O/k dko/d¢0/sm0d00/sm Bdg.

A.2 FEuclidean Dirac Matrices

From the Weyl or chiral Minkowski representation of 4° and 7' the Euclidean Dirac

matrices are the following:

0 1
(A.5) Y4 =
1 0
0 —iGi
(A.6) Yi =
iO’i 0
-1 0
(A.7) V5 = Va1V =
0 1
1 1
(A8) Ouw = 57/.&71/_571/7“
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where the o; refer to the three 2x2 Pauli spin matrices. With no contractions among

repeated indices, the Euclidean Dirac matrices have the following properties:

(A.9) TV =1

(A.10) Vs = 1

(A.11) Vo w}t = Wh + 9 =20
(A.12) {7v5%} = Y+ =0.

A.3 Trace Theorems

(A.13) Tr(v.vw) = 46

(A.14) Tr(Odd Number Of v’s) = 0

(A.15) Tr(vu1wa¥s) = 40u0ap = 40uadup + 40,8000
(A.16) Tr(owoaps) = 40uabus — 49,8000

(A.17) Tr(vsm) = 0

(A.18) Tr(vsYuYvYaYs) = 4€uwap

(A.19) sy = +1

A.4 Charge Conjugation Properties

The charge conjugation operator (C' = 7,7y,) has the following properties

(A.20) c = -C!

(A.21) ct = ¢!

where T refers to the transpose of that matrix. The charge conjugation operator acts on

the Dirac matrices in the following way:

(A.22) [C‘lmC]T = -



(A.23) [C*IJWC]T = = -0,

(A.24) [c7'%C] = =1

(A.25) [C‘lvsqu]T = =75
T

(A.26) [CTs1 1 C = = vm

(A.27) [C’lfyg,ow,C]T = = —Y50uw

A.5 Other Useful Properties

An important relation for the vector and axial-vector covariants is

(A.28) Vs€uapV89as = Yuv - qv - P — (quy- P — Pyy - q+ Yuq -

The transpose of the Dirac matrices is also useful:

(A.29) N = M
(A.30) no= m
(A.31) Y = T
(A.32) o=

(A-33) ’Yg = 7
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APPENDIX B
Chebyshev Polynomials of Type 11

The orthogonality condition for Type II Chebyshev polynomials is

(B.1) / Up(2)Un(2)V1 — 22dz = g(smn.

21
Odd indexed U’s are odd functions in x and even indexed U’s are even in x. A partial list

of these functions is as follows:

(B.2) Up(z) = 1

(B.3) U(z) = 2

(B.4) Us(r) = 42 -1

(B.5) Us(r) = 8z° -4z

(B.6) Uy(z) = 162" —122° + 1
(B.7) Us(t) = 322° —322° + 6z
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APPENDIX C
Additional Covariant Projection Matrices and their Inverses

In the following M;;;, is defined as

and N* = (¢")*P? = ¢"P* — (¢~ P)” and ¢ = 3¢ — (¢")”.
C.1 K* Vector Meson
12 4(qT)? 0

(C.1) M103y = 4(¢")? 4" 4(d")q-P

0 A¢")?q-P 4P

N4 —P2N? qg- P N?
1
-1
(C.2) Muzyy = gyay —P’N* 3P ~3q- P P?
¢-PN? —3q-PP* 3¢°P*— N’
4 12¢- P 4(¢")%q- P
(0'3) M(678) = 12q.p 12 P2 4(qT)2P2

A(q")’q- P A(¢")*P*  4A(q")*P?

(C.4) My = w7wamy —¢-P ¢ -1
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C.2 a; Axial-Vector Meson

_12 _4(q7)> 0
(C.5) Maugsy = § —4(¢")2  —4(q")%g? —4(q")*(q- P)*
0 —4(¢")*(q-P)* —Al¢")*P*(q-P)?
—(@")'P* (¢)P* —(¢")
(C.6) MGy = W (¢")?P?  —3P? 3
—(¢")? 3 /(g P)
4ap 12(q - P)? A(¢")*(q- P)?
(C.7) M) = 12(g - P)? 12P%(q- P)>  4(¢")*P?(q- P)?
Ag")*(q- P)* 4(¢")*P*(q-P)* 4(¢")*P*(¢- P)?
P*q-P)* —(¢g-P)*> 0
(C8 My = 8(QT)2P12(q_ pE) ~@ PP & =
0 -1 3/(¢")?
C.3 by Axial-Vector Meson
—12(¢-P)*  —4(¢")*(q- P)? 0
(C.9)  Muay = § —4(¢")%(¢-P)* —4(¢")’¢*(¢- P)* —4(¢")*(¢- P)’
0 —4(q")(q-P)?  —Ag")*P?
(C.10) M, !

(123) — 8(¢7)"P2(q - P)?
—(@")*'P? (¢")*P* —(¢")(¢- P)?
X (¢")*P? —3P? 3(q- P)?

—(¢")*(a-P)* 3(¢-P)* —¢(q-P)*



4p(g- Py 12(q-P)* 4(¢")(g- P)?
(C.ll) M(678) = 12(q . P)Z 192 P2 4(qT)2P2
4(qT)2(q . P)2 4(qT)2P2 4(qT)4P2

P?/(¢-P)* -1 0

(C12) Mgy = W -1 ¢ -1
0 -1 3/(¢")?
CA4  # Pseudoscalar Meson
(C.13) Mzs) = {4P 2(q- P)* 4(q-P)2}
—4(qg-P)>  —Ag?
) 1 —4¢? 4(q- P)?
(C.14) Mg = 16(q-P)2N2{ i(q- PY? 4P2(q-P)2}
C.5 p Vector Meson
12(g- P)*>  4(¢")*(q- P)? 0
(C.15) Muasy = { 4(¢")%(q-P)? 4(¢7)%¢*(q- P)* 4(¢¥)%(q- P)?
0 A(q")*(q-P)*  A(¢")*P?
@")?/(¢-P)*  -1/(qg-P)? 1/P*
(C16) My = gomz{ <@ PP 3/l PP -3/ P
1/P? =3/(¢")’P*  4/(¢")*(q- P)’
da) 12(¢- P)? A(q")*(q- P)?
(C17) Mgy = 12(q - P)? 12P%(q- P)2  4(¢¥)2P%(q- P)?

A(q")*(q- P)* 4(q")*P*(q-P)* 4(¢")'P*(q- P)?
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P? -1 0

(C18) My = goral 1 #/@-PP -1/l P)

0 —1/(¢g-P)* 3/(¢")*(¢- P)?



APPENDIX D

Phase Space

The two-body phase space operator for a particle, A, decaying into particles B and C

1s

i d3p S
P= / 2EB / (2m)3 ;EC (27T)353(p3 + pc — Pa)d(Ep + Ec — Ey).

—00

Doing the integration yields

. 1
where
(D.3) AMu* v w?) = (u+v+w)(u+v—w)(u—v+w)(u—v—w).
For the special case when v = w
402
(D.4) AMu?,v?v?) = ut(1 — ﬁ)

If Mg = M¢ then the two-body phase space take on the simple form of

1 AM2
D.5 = —.|1 - 2.
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